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A single-resource revenue management problem
with random resource consumptions
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We study a single-resource multi-class revenue management problem where the resource
consumption for each class is random and only revealed at departure. The model is motivated by
cargo revenue management problems in the airline and other shipping industries. We study how
random resource consumption distribution affects the optimal expected profit and identify a
preference acceptance order on classes. For a special case where the resource consumption for
each class follows the same distribution, we fully characterize the optimal control policy. We then
propose two easily computable heuristics: (i) a class-independent heuristic through parameter
scaling, and (ii) a decomposition heuristic that decomposes the dynamic programming formulation
into a collection of one-dimensional problems. We conduct extensive numerical experiments to
investigate the performance of the two heuristics and compared them with several widely studied
heuristic policies. Our results show that both heuristics work very well, with class-independent
heuristic slightly better between the two. In particular, they consistently outperform heuristics that
ignore demand and/or resource consumption uncertainty. Our results demonstrate the importance of
considering random resource consumption as another problem dimension in révenue management

applications.
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1. Introduction

The majority of revenue management literature focuses on
selling scarce capacity units to customers that' have
deterministic resource consumption requirements but may
potentially have different revenue< contributions. More
specifically, the number of units‘of capacity an accepted
customer will consume is generally assumed to be known.
This assumption is realistic for many revenue management
applications, where customer resource consumption require-
ments are quite similar and can. be easily defined in terms of
standard units, such as the number of seats, rooms, cars, etc.
However, it is not natural in cases where either the standar-
dization of this requirement is difficult or the requirement
itself is not predictable. In this paper, our goal is to study the
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! According to a recent forecast report (Boeing, 2009), the world air
cargo business, a 40-billion dollar industry worldwide, has been
constantly growing at around 5% per year and is expected to triple in
the next 20 years.

impact of the uncertainty in resource consumption require-
ments on revenue management decisions.

Uncertainty in resource consumption plays a significant
role for many revenue management applications. For
example, in the air-cargo business,' carriers often do not
know physical attributes (such as weight, and volume) of
the cargo to be shipped at the time of booking decision.
This might be due to the fact that a carrier sells her capacity
through multiple channels that differ in terms of both their
contractual agreements with the carrier and cargo char-
acteristics. In a typical air-cargo business, carriers can
receive the cargo either from intermediaries (so called

forwarders) or directly from shippers. Usually, forwarders

have long-term relationships with the carrier and generate
cargo with relatively predictable characteristics, whereas
shippers interact with the carrier on an ad hoc basis and can
demonstrate significant variations in terms of cargo
specifications; see Gupta (2008), and references therein for
additional details on air-cargo business.

Similarly, hotels and passenger airlines sell their
capacities to customers either directly (using online or
off-line channels) or through intermediaries (so-called
travel agencies). In these industries, resource consumption
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uncertainty comes into the picture in the form of group
booking, a general practice commonly used by travel
agencies. More specifically, when a travel agency makes a
group reservation, it does not usually specify the exact
number of seats or rooms a priori. In fact, a typical group
booking contract for a conference hotel (Lakehead, 2009)
involves an estimate for the number of rooms to be
reserved at the time of booking decision and the penalty/
cancellation costs if the realized numbers do not match the
estimates.

All of these cases underline the need for effective
strategies to deal with resource consumption uncer-
tainty. Indeed, inability to predict the very final resource
consumption prior to a booking decision may hamper a
decision maker’s ability to extract maximum achievable
revenues from available capacities. In addition, rising
commodity prices and distress in the financial sector
significantly increase operating costs in all industries,
which, in turn, implies that letting even one unit of
capacity sit idle could adversely affect a company that is
already at break-even.

This paper has two objectives. Our first goal is to analyse
how the variability in resource consumption impacts both
optimal booking decisions and profits. Second, we propose
two heuristics that specifically use the information regard-
ing the degree of randomness in resource consumption to
optimize booking decisions and compare them with ones
that ignore this randomness. In order to achieve these
objectives, we develop a dynamic programming model with
random resource consumptions. To specifically capture the
differences among various arrival streams (eg, selling
directly or through intermediaries as in air-cargo example),
we assume that there are multiple customer classes, each of
which has different revenue and resource consumption
characteristics.

Using this model, we show that total expected profit
decreases in the volatility of resource consumption dis-
tribution. However, observing that a general multi-class
version of the problem suffers«from the curse of dimen-
sionality, we restrict our attention to various special cases.
First, we characterize the structure of the optimal booking
policy for a two-class problem and show that it involves
state-dependent thresholds< (ie,” booking limits) for each
customer class. Contrary to the intuition, we show that the
booking limits for different classes are not necessarily
monotone in the number of reservations belonging to that
class. Optimality of the booking limit policy is also quite
sensitive to the number of customer classes. Through a
counter-example, we show that it is no longer optimal when
we consider a three-class case. This shows that the
characterization of the optimal policy is not only compu-
tationally, but also analytically, very difficult.

At this stage, aiming to implement our second objective
above, we change our focus and develop two heuristics
that capture the essence of randomness in the resource

consumption requirements in a tractable fashion. In our
first heuristics, we propose a parameter-scaling scheme
that reduces the multi-class problem into a single-class
problem. This is implemented by generating a common
distribution from the first- and second-moment of the
random resource consumption distribution of each class.
We show that the resulting heuristics is optimal when all
uncertainties in resource consumptions can be represented
by a common distribution function. In the second heuristic,
we take a different approach; instead of combining resource
consumptions, we decompose them into independent single-
class problems that are easily computable. Through exten-
sive numerical experiments, we show that the two heuristics
can significantly outperform several widely used approaches
that ignore the randomness in resource consumption.
The parameter-scaling and decomposition approaches have
been frequently employed in revenue management literature
to break the curse of dimensionality in dynamic resource
allocation problems. However, to the best of our knowl-
edge, they have not been used in single-resource revenue
management with random resource consumptions, which
defines one of the contributions of this paper.

The remainder of the paper is structured as follows.
In Section 2, we review the related literature. In Section 3,
we develop our model framework and in Section 4, we
analyse its structural properties. In Section 5, we propose
our/heuristics and in Section 6, we test their performances
in an extensive numerical study. Finally, in Section 7, we
conclude.

2. Literature review

Our work is closely related to three streams of literature on
cargo revenue management, stochastic knapsack, and
overbooking problems. Below, we review each stream in
detail and discuss their connections to our work.

The models in cargo revenue management literature take
the ones developed for passenger revenue management
as a starting point and add the following cargo-specific
extensions: (a) uncertain capacity, (b) multi-dimensional
capacity, (¢) random resource consumptions, (d) itinerary
control, and (e) allotments for forwarders versus free-
sale (Kasilingam, 1997; Billings et al, 2003; Slager and
Kapteijns, 2004; Amaruchkul et al, 2007; Becker and Dill,
2007, etc). Since (d) and (e) are related to network revenue
management and free-sale capacity management, respec-
tively, both of which are quite different from our focus,
we will limit our attention to the papers in (a)-(c). One
of the closest model to our work in these categories is
that of Amaruchkul et a/ (2007). They formulate a two-
dimensional Markov Decision Process (MDP) for the
single-leg air-cargo revenue management problem with
random weights and volumes and develop a heuristic
that decomposes the two-dimensional MDP into two
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single-dimensional MDPs. For the same problem, Huang
and Chang (2010) develop a heuristic that estimates the
expected revenue by jointly sampling weight and volume
and show that it performs around 1% better than the
decomposition heuristics of Amaruchkul er al (2007).
Taking a different approach, Han et a/ (2010) propose a
bid-price control policy for the same problem, and show
that it outperforms both static bid-price control and first-
come first-serve control policies. Xiao and Yang (2010)
propose a continuous-time MDP for the revenue manage-
ment problem with two-dimensional capacity and char-
acterize that the optimal control policy is of threshold-type
under some concavity assumptions. Two features distin-
guish this work from the above papers. First, we
concentrate on the impact of random resource consump-
tions on decisions and profits, whereas the above models
mostly focus on multi-dimensionality issues with regards to
the capacity and demand. Second, the heuristics in this
paper are specifically designed to use the information
regarding the degree of uncertainty in resource consump-
tions, which is generally ignored by the existing heuristics
in this stream.

The second stream of related literature is the one
developed for stochastic knapsack problems. Papastavrou
et al (1996) study a stochastic knapsack problem with
deadlines, where both weights and rewards are random.
They show that the optimal control policy is of threshold-
type. Kleywegt and Papastavrou (1998), and Kleywegt
and Papastavrou (2001) extend the analysis in Papastavrou
et al (1996) to the infinite horizon case with deterministic
and random capacity requirements, respectively. They
investigate the monotonicity and convexity properties of
the problem and prove the optimality of threshold-type
control policy. Van Slyke and Young (2000) develop a
continuous-time MDP formulation for. finite-horizon
stochastic knapsack, and characterize the optimal return
function and acceptance strategy. There are also two
features that distinguish our work from the literature on
stochastic knapsack problems. In this stream, it is generally
assumed that the resource consumptions for multiple
classes are distributed identically, whereas our model
allows for heterogeneity among the resource consump-
tions. Second, overbooking s not allowed in this literature,
whereas it is implicitly captured in this paper through a
terminal penalty function.

The last stream of literature related to our paper
examines overbooking, mostly in the contexts of passenger
and cargo revenue management. Subramanian et a/ (1999)
study a dynamic model of airline yield management with
overbooking, cancelations and no-shows. They show that
the state-and time-dependent booking limit policy is
optimal. Moussawi and Cakanyildirim (2006) formulate
a two-dimensional cargo overbooking problem and
provide aggregate formulation as an effective approxima-
tion, which is simple and yields the same optimal

overbooking curve. Luo et al (2009) study single-period
air-cargo overbooking problem to obtain simple solutions.
The overbooking literature generally assumes unit resource
consumption for each customer and the uncertainty in
resource consumption results from customer cancelation,
and therefore is of an all-or-nothing type. Our work can
be viewed as a generalization of this research literature
where we allow (i) multi-unit resource consumption, and
(i) more general continuously distributed resource con-
sumption uncertainty.

3. Model formulation

Consider a single resource with capacity ¢. Demand is
divided into n customer classes. The booking horizon
is divided into T discrete time periods. Time runs forward,
so the first time period is period 1 and the last period is
period T. Period T+ 1 is used to represent the end of the
horizon. In each time period ¢, there is a class i customer
arrival with probability 4, The probability of no customer
arrival is g=1->_7_ 2.2 Note that we assume implicitly
that there is, at most, one customer arrival in each period.
The resource consumption of a class i arrival is random
and denoted by A4; with mean y; and standard deviation ;.
Let F;(-) be.the cumulative distribution function for A;
We assume that all 4;s are independent. The resource
consumption 4; of a class i arrival, if accepted, is realized at
time T+ 1. Let 7; be the unit revenue for class-i. Then, the
total® expected contribution from a class i customer,
denoted by r;, can be written as r;=Fu;. Without loss of
generality, we assume that the expected contributions
are in descending order, that is ri=r,>--->=r,. Let y be
the total resource requirement of all accepted customers
realized at time 7+ 1. If y>¢, a unit penalty cost of &
is charged for each unit exceeding capacity, that is, the
penalty cost paid at period T+ 1 is equal to /(y), where

h(y)=b(y—c)". (1)

Note that all our results hold as long as A(-) is convex
and non-decreasing. Our objective is to find an optimal
control policy to maximize total expected revenue minus
the expected penalty cost. We consider a dynamic
programming formulation for the problem. The state
can be denoted by an n-dimensional reservation vector
x=(xy,...,X,), where x; is the total number of reserva-
tions accepted for class i. Since there can be at most one
arrival in each period, we have x;<t for all i in period 7.
Upon a class i arrival in period ¢, we decide whether to
accept or reject the customer. Let ;=1 or u;=0 represent
the action of accepting or rejecting an arriving class-i

2We assume the arrival probability for each customer class does not
depend on ¢ only for notational simplicity; all our results holds for non-
stationary arrival probabilities.
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request, respectively. Therefore, the dynamic program has
finite state space and finite action space.

Let v(x) be the maximum total expected profit from
period ¢ onwards given state x. First, the terminal value in
period T+ 1 reflects the expected terminal penalty given by

vr1(x) = —E[A(Yx)] Vx, (2)

with Yy = >0 S07 | Ak, where Ay; denotes the resource
requirement of the kth customer in class-i. Then, for
each period /< T and state x, the dynamic programming
optimality equation can be written as

v (x) = Z Aimax{vi1 (X + €;) + ri, v (X)} 4 Aovis (%)
=1

= Aiilri — A; ) 3
Jhax, ; i1 Vir1 (X)) 4 Ve (x) (3)

where Ay, . 1(X)=v; . 1(X)—v, 1 (X+¢;) is the opportunity
cost of accepting a class-i request in period ¢.

The dynamic programming formulation introduced
in this section has several interesting special cases.
When n =1, the model can be viewed as a variant of the
widely studied newsvendor model with finite initial
inventory. Note that when there is a single customer
class, customer requests will be accepted until a booking
limit is reached. Interestingly, this booking limit can
be different from the capacity level c¢. In the extreme
case where b =0, all customer requests will be accepted.
Using revenue management terminology, this means
that overbooking is implicitly modelled in the dynamic
programming formulation. Indeed, since demand resource
requirements are uncertain, the boundary between booking
control and overbooking is blurred. In this sense, our
dynamic programming formulation above implicitly models
both booking control and overbooking.

Another interesting case is given when. 4;=1 with
probability 1 for each class i and terminal penalty function,
that is, /(y), is defined as follows:

0 ={ o

In this case, no overbooking will be allowed. The
model reduces to the widely studied single-leg revenue
management problem (Lee and Hersh, 1993). In the
Lee and Hersh (1993) model, the only uncertainty comes
from the demand arrival process. The model introduced in
this section adds another uncertainty dimension—the
uncertainty regarding resource requirements. One interest-
ing research question, which we will study in this paper, is
whether or not the added dimension plays an important
role in terms of revenue and policy performance.

It is straightforward to show that in (3), an optimal
policy is to accept class i at time ¢ whenever r;= Ay, ; 1(X).
However, this observation is not sufficient for the efficient
solution of the model due to the curse of dimensionality.

if y<e,
if y>c.

In order to gain intuition that will enable us to devise
efficient solution approaches for the problem, we explore
the structural properties of the model in the following
section.

4. Structural properties

In this section, we explore structural properties of the
problem. We start with the general model with # customer
classes in Section 4.1. We then restrict our attention to
two special cases, the two-class model with class-dependent
(ie, heterogenous) resource consumptions in Section 4.2
and the n-class model with class-independent (ie, homo-
genous) resource consumptions in Section 4.3, respectively.

4.1. General model: n-class with class-dependent resource
consumptions

Define the control operators

Tivi(x) = max{v,(x + ex) + ri, v/(x)}, (4)
v (%)= Zikav,H(x) + 2oV (X). (5)
k=1

We will use some stochastic comparison concepts.
To /this end, we introduce the following definition and
lemma (see Shaked and Shanthikumar (1994) for the
following definition and proof of Lemma 1).

Definition 1 Let X and Y be two random variables.

(a) X is said to be larger than Y in the stochastic order,
thatis, X>, Y, if and only if E[¢(X)]= E[¢p(Y)] for all
non-decreasing real-valued functions ¢;

(b) X is said to be larger than Y in the convex order,
that is, X>., Y, if and only if E[¢(X)]= E[¢(Y)] for
all convex real-valued functions ¢.

Lemma 1 Stochastic order and convex order have the

following properties:

(@) If X=, Y, then E [X]> E [Y];

(b) If X=.. 7Y, then E[X]=E[Y] and Var[X]= Var[Y];

(c) Let Xi,...,X, be a set of independent random
variables and Y, ..., Y, be another set of independent
random variables. If X;=Y; for i=1,...,n, then
StoiXiz> i1 Y. If Xiz . Y for i=1,...,n, then
Z?: IXI>(’XZ?: 1 Yi~

Parts (a) and (b) of Lemma 1 say that stochastic order
means stochastically larger while convex order means
stochastically more variable. Part (c) implies that both
stochastic order and convex order are closed under
convolutions.



W Zhuang et al—Single-resource revenue management problem with random resource consumptions 1217

Theorem 1  For any non-decreasing convex penalty function
h(-), we have

(a) If Yizz:_\' Yx and/or Y)"()st Yxa then Vt(i) < VI(X);
(0) If A;> v Ay andjor A;> A, then vi(x+e)<v(x+e)

and Ap(X) = Ay,(X);
©) If A\< v <oy Ayandjor A<+ <A, it is optimal
to accept classes 1,2,...,i—1 whenever it is optimal to

accept, accept class-i.

Theorem 1 characterizes the variance effect and mean
effect of demand. Part (a) implies that the optimal expected
profit-to-go is lower when the total resource consumption
of accepted reservations is larger in the convex and
usual stochastic order. Part (b) says that if the resource
consumption of class-i is bigger or more variable than that
of class-j, then the opportunity cost of accepting a class-i
request is larger than that of a class-j. Part (c) shows that
under certain order of random resource consumptions and
expected contributions, customer classes can be ordered in
the sense that if it is optimal to accept the less profitable
class in a certain state, then an arriving request of the more
profitable class should also be accepted.

Unfortunately, a simple characterization of the optimal
booking policy under general n-class model is extremely
complicated. Recall from the optimality equation 3, an
optimal policy is to accept class i at time ¢ whenever the
revenue contribution from class i exceeds the opportunity
cost incurred by accepting it, that is, r;=Av,, (x). The
commonly used approach for revenue management models
in the literature is to explore whether the opportunity cost
function is monotone. If it is shown to be monotone, then
it implies existence of a simple and implementable policy,
known as booking limit policy. Namely, in this policy, one
can define a threshold (called booking limit) for each class i
such that it is optimal to accept an arrival as long as the
total number of accepted reservation. does not exceed the
threshold. In the following example, we show that for a
general n-class problem, where 722 3, such a simple booking
limit policy does not exist.

Example 1 Consider{a problem with three customer
classes. The random resource consumption requirements
Ay, A> and A3, are independent and normally distributed
with (u1,01) =(20,6), (42,02) =(10,2) and (u3,03)=(3,1),
respectively. Assume that 2;,=0.3, 4,=0.5, 13=0.1,
ry =100, =40, r3=30, b=10, ¢=200, T=20, and
h(y)=b(y—c)". Figure 1 illustrates the opportunity cost
of accepting a class-3 request, Azv,(xy, x5, x3), for t=16,
over the state variable x, (left) when x; =4, x3=1 and
over x3 (right) when x; =4, x, =6, respectively.

Figure 1 shows that the opportunity cost Asv(xy, X2, X3)
is not monotone over the state variables x, and x3. This
implies that booking limit policy is not optimal for this
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Figure 1 Nonmonotonicity for the 3-class problem.

problem. In the mnext two subsections, we restrict the
general model along two different dimensions and explore
the existence for booking limit policies. More specifically,
in Section 4.2, we consider a two-class problem with
general resource consumptions and in Section 4.3, we
consider general n-class model but assume that resource
consumptions are identically distributed.

4.2/ Special case 1: two-class model with class-dependent
resource consumptions

In the previous section, we show that opportunity cost is
not necessarily monotone when n>3. In the following
lemma, we are able to show that it is indeed monotone
when n=2:

Lemma 2 Assume that n=2 and X=(x1,X,), then
Ay (X) <A (X + ), and Ay (X) <Ay (x +ey).

The above result enables us to characterize the structure
of the optimal control policy:

Theorem 2 The optimal control policy of the two-class
model is a state-dependent booking limit policy: it is optimal
to accept a class-i request at time t if x;<Sj(x;), and reject
it otherwise, where Si,(x1)=min{x,|Av, | 1(x1, x5)>r} and
S3,(x2) = min{xy|Agv, 1 1(x1, X2) > 12}

Now, we explore whether the state-dependent booking
limits, that is, Sj(x;) are monotone over x; In order
to prove it, we need additional property. Namely,
opportunity cost should satisfy the following subcon-
cavity condition: Ay(x +e;)=Ap(x +e) for Vi,j=1,2, i#j.
Unfortunately, we can construct a simple example to
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illustrate that the value function does not necessarily satisfy
the above condition even for the deterministic resource
consumptions.

Example 2 Consider the last period of a problem
with two-class deterministic resource consumptions.
Suppose that class-1 and class-2 consume p; =20 and
u>=10 units of resources, and generate revenue of
r1 =200 and r, =40, respectively. Per-unit penalty cost is
b=20, and the available capacity is ¢ =30. The arrival
probabilities of class-1 and class-2 are 4;,=0.3 and
A»=0.5, respectively. Then, we can evaluate the
value function at state (x,x;)=(0,0) in period T as
follows: v7(0,0)=21r + A»r, =80. Similarly, we can
evaluate the value function at the following states:
v7(0,1)=280, v{0,2) =20 and v#(0, 3) =0. Since v#0, 0)
—v7(0, )<v7(0, 1)—v40,2) while v#(0,1)—v#(0,2)>
v(0,2)—v7(0, 3), the value function is neither compo-
nentwise concave nor convex on Xx,. Note that
v7(0,0)—v7(0,1)=0<r,, v7(0, )—v#0,2) =60>=r,
v7(0,2)—v7(0,3)=20<r,, it implies that in period T,
it is optimal to accept class-2 arrival at state (0, 0), reject
it at state (0, 1) and accept it again at state (0, 2).

The above example implies that the state-dependent
booking limits Sj;(x;) of the two-class random resource
consumption model may not be monotone over x;. Note
that this is contrary to the unit demand case, in which
we can easily show that whenever it is optimal to reject
certain class at a lower state, it is also optimal to reject that
class at a higher state. In the above example, the resource
consumptions are assumed to be deterministic. We can also
construct a 2-class example with random consumptions, in
which booking limits are not monotone in state.
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Example 3 Consider a 2-class problem with random
resource consumption requirements 4, and 4,, where A,
and A, are normally distributed with u; =20, oy =6 and
U =10, 0, =2, respectively. Assume that 1, =0.3, 1, =0.5,
r1 =100, r,=40, =10, and ¢=200, T'=20. The terminal
value function v; (x) can be evaluated as follows:

nooXx; +

S e

i=1 k=1

o for () (1-a(=2)]

X107 4+ x205 , ¢(-), O(-) are
pdf and cdf of standard normal distribution respectively.

VT+1(X) = —bE

where = xp; + X210, 0 =

The optimal control policies are illustrated in Figure 2.
From Figures 2(a) and 2(b), we can see that the optimal
control policies for class-1 and class-2 are of booking
limit type. That is, for i, j=1,2 and i#j, there exists a
threshold S7;(x;) for any given x;, such that it is optimal to
accept class-i request if x;<Sj(x;), and reject otherwise.
However, as shown in Figure 2(b), for instance, S5,(6) =5,
S5(7)="15 S5/(8)=4, from which we can see that the
booking limit for class-2, S5,(x,), is not monotone in x,.
Non-monotonicity of S5;(x,) means that it can be optimal
to accept class 2 at a higher state while reject it at a lower
state,

In Figure 3, we also explore the mean and variance
effects of the random resource consumptions on the total
expected profit. Everything else being equal, the optimal
total expected profit is decreasing in mean and variance,
which supports the results in Theorem 1.
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Figure 2 Optimal control policy for the two-class demand model with random resource consumptions. (a) Optimal control policy
for class-1 at 1= 16. (b) Optimal control policy for class-2 at 1= 16.
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Figure 3 The effect of random resource consumptions on the optimal expected total profit. (a) Optimal expected total profit versus
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that y; =20, (2, 02) = (10, 2).

4.3. Special case 2: n-class model with class-independent
resource consumptions

In this section, we consider general n-class model, but
assume that resource consumption distributions are
identical. The analysis of this special case enables us to
develop an efficient solution approach in the next section.

Note that when the resource consumption distribution
is the same for all classes, that is, F;(-)=F(-) for all i,
it suffices to record only the total number of reservations
x=>_7_1x; as the state variable. Let 7,(x) be the maximum
total expected profit given state x at time ¢. Given ¢, x,
the dynamic programming optimality equation can be
written as

T(x) = D dimax{Fii (x + 1) + i, T (X)) #2074 (x)
i=1

= ¢ /1,‘ ilri — AN V. ) 6
ug{l(ffi},, ; uilr Vi1 ()] 43 () (6)

where AV, 1(x)=7,1(x)—V;4£i(x+1).. The boundary
conditions are

B (x) S=ER(V] v, (7)

where Y, is the sum of x independent random variables
each with distribution F(-).

We show that having class-independent resource con-
sumption preserves monotonicity of the value function
over state x and time ¢. We characterize those properties in
the following lemma.

Lemma 3  We have the following results regarding the value
Sfunction v(x):

(a) A7) <AR(x+ 1),
(b) ARC)ZAT, | 1(x).

By Lemma 3, we can define Sj; =min{x|AV, (x)>r;}
and characterize the optimal admission policy 7*which is
specified as follows:

1 if x<S;

112
0 otherwise.

i 60 = {

Theorem 3 The optimal control policy of the class-

independent resource consumption distribution is a booking

limit policy: it is optimal to accept a class-i request at time t

if x&S}, and reject it otherwise. Furthermore, the threshold
“has the following properties:

(@) If ri=--->=r,, then S}, is non-decreasing in i, that is,
Sl*z> >S:ta
(b) Sj; is non-decreasing in t, that is, S, =S}, 1.

Theorem 3 shows that the optimal booking limits are
time-dependent and nested in classes. Therefore, the
traditional deterministic unit demand reduces to a special
case of our class-independent resource consumption, where
A; is equal to 1 with probability 1 for all i=1,...,n.
Making use of these structures, in the next section, we will
develop a computationally efficient heuristic to solve the
general n-class model with random resource consumptions.

5. Heuristics

In order to both evaluate the impact of considering
random resource consumptions on the profits and
develop computationally efficient solution approaches,
we introduce six heuristics. The first two specifically use
the information regarding the uncertainty in resource
consumptions, whereas the other four ignore it. Later, in
Section 6, we will test their performances under various
scenarios.
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5.1. Class-independent heuristic

The main idea of class-independent (CI) heuristic is to
scale problem parameters by transforming an n-class model
into a class-independent resource consumption model,
thus reducing the n-dimensional MDP formulation to a
one-dimensional MDP.

An important consideration in CI heuristic is parameter
scaling. We introduce a parameter scaling that captures the
random resource consumption by the first and second
moments of the distribution. We scale the parameters
(4i» Wi 5, 1;) of the general n-class model (2)—(3) with class-
dependent random resource consumptions to (47, 1, 6°, r})
with a common distribution captured by (u’, 6°) as follows:

3=,

Note that after scaling, the total arrival probability
per period, mean and variance of the total resource
consumptions per period, and unit revenue contribution
for each i remain the same, that is, > /—14,=> /14,
DI ERVITIED Sy SRV TN (o) = i1k *F, and
(ri/u) = (r}/r’) for all i. Note that in this scaled problem,
the total resource consumption can be found by takingthe
convolution of all accepted random resource consumptions
where each one is iid with mean and standard-deviation
given by (i*, ¢*).

The CI heuristic is to control the n-dimensional MDP (3)
by using the optimal policy of the following one-

dimensional MDP, with value function v;"(x):

n
v () =D 2 max{v (ve 1) #7795 ()
i=1

+ 25 (x), e=1,..., T, 9)
with the boundary conditions V%', (x)=—E [(Y3)] for
all x. By Lemma 3, we can define =
min{x|AV 1(x) = Vi 1(x) =¥ 1(x +1)>r;} and character-
ize the control policy 7 by

1 if x<S9

it
0 otherwise.

) = {

The control policy for the CI heuristic satisfies the

properties of Theorem 3 with the nested structure and

time monotonicity, and therefore, it is easy to compute

and store. Let v(x) be the expected total profit from CI
heuristic.

5.2. Decomposition heuristic

The decomposition (DC) heuristic decomposes the
n-dimensional MDP into a collection of one-dimensional
MDPs. We begin with a deterministic mathematical
programming formulation, which treats both demands
and resource consumptions as deterministic quantities
by replacing random variables with their means. Let D;
be the total (random) number of class-i requests for the
entire booking horizon. Clearly, E[D;]=A,T. Suppose
the penalty function is given by h(y)=—b(y—c)™.
The deterministic mathematical programming formulation
is given by

n n +
(NLP) max Z rix;i—b (Z WX — c)
i=1 i=1
s.t. 0<x,<E[D,] Vi.

Note that the above formulation (NLP) is a non-linear
program; but it can be transformed into a linear program
given as follows:

n
(DLP) max Z rix; — by
i=1
s.t. X,’SE[DI'] Vl,

n
Z :u'l'xi - y<(,',
i=1

X,‘ZO Vl,
y=0. (10)

Let >0 be the shadow price of the capacity constraint
(10), which captures the marginal value of capacity, and
(x1,...,x,") be the optimal solutions of deterministic
linear programming (DLP).

We now decompose the n-class MDP into # single-class
programs, one for each class. When calculating the control
policy for class i, we account for the ‘average’ value from
all other classes obtained from the DLP shadow prices. Let
¥%(x,) be the value function that will be used to compute
the control policy for class-i. Thus, for each i, we
approximate the value function of (3) by

vi(x) ~ Vzci(xi) + ZV;‘XJH (11)
J#i

where y;,=7yE[A4]. Since y is the shadow price of capacity
constraint, y; represents the approximate value of a class-j
booking. Therefore, y,x; represents the value of all class-j
bookings. The equation above effectively decomposes the
value v(x) into two components, the approximate value of
class-i bookings v/(x;,) and the approximate value of all
other bookings. It should be noted that vﬁlj(x,») is an
arbitrary function, while the value of all other bookings is
approximated by a linear function. We would like to point
out that a similar approximation architecture was used
previously in network revenue management context; see,
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for example, Liu and van Ryzin (2008). Plugging (11)
into (3), we have

(x, —Q—Zﬂ/,x/ =/ max{vm Axi+1) —1—23)1/\/

J#i j#i

+ri Vilj-lﬁ;(xi) + Z“/jx.f}

J#i

Y max{vﬁl,xx» £

J#i k#i,j

1), v () + Zvjxj}

J#i

+ Ao (v;ﬁl (X)) + Zy,xj)

J#I

+7;(x +

After some manipulations, the dynamic programming
equation above can be reduced to

(i) = 2 max{ v, ,<xz 1)+ ()

Y i (L= () Ve (12)
J#i

with the boundary condition

ZA/\1+ZZAk1 . (13)

J#I k=

VT+1 z(xl) =—-E

In particular, if 4(-) is given by (1), then

+

Vi i(xi) = —bE ZA/(, + ZZAk, — ¢ (14

j#l k=

It can be shown that the decomposed MDP (12)—(13)
has the monotonicity properties that are characterized
below.

Lemma 4 We have the following results regarding the value
function v&5(x;):

(@) AvS() <AV + 1),
(b) AV (xl)>AVt+l l(xl)

By Lemma 4, we obtain a state-dependent booking limit
policy for each class i via the dynamic program (12)—(13).
Let S#(x;) = min{x|Av%(x;) > r;}. The control policy 7% is
given by

de . 1 if x<Sg"(xi)7
Ui (X, 1) = {0 otherwise.

Finally, let vd‘(x) be the expected total profit from DC
heuristic.

5.3. Deterministic consumption heuristic

Another way to reduce the complexity of the problem is to
consider an approximation based on deterministic con-
sumption. In particular, we assume that, upon arrival, each
class-i demand consumes exactly u;,=E[A;] units of the
resources. Let v,(x) be the maximum expected profit of
deterministic resource consumption model from period ¢
onwards given state x. The optimality equation is given by

vi(x) = Zi[max{ﬁlﬂ(x +€:) + i, Vir1(X)}

i=1
+ )LOV[+1(X) (15)

with boundary conditions vy (x) = —h(> 7= 1x; ;). Note
that E[A(Y)]=h(E[Y,]) =h(> 7= 1x; ) for convex function
h(-). Following the same argument as Theorem 1(a), it
follows that the stochastic resource consumption case
achieves no higher optimal expected profit than that of the
deterministic case, which is summarized in the following
corollary.
Corollary 1  v(x)<v/(x), V1, X.

Corollary 1 _says that problems with uncertain resource
consumptions achieve lower expected profits than the case
with deterministic resource consumption. Assuming deter-
ministic resource consumption, we have the following
result which can be used to reduce the state space from
n-dimensional to one-dimensional. The proof is straight-
forward and is omitted.

Lemma 5

er": 1Xilli =

V(x)=v,(X) for
i Xl

all x and X that satisfy

We construct a heuristic, which is based on the determi-
nistic consumption, and we call it as DET heuristic. By
Lemma 5, it suffices to record the total resource require-
ment y=>7_ix;u; as the state of DET heuristic. Let
”d"(y) be the value function when the total resources
required for all reservations at time ¢ is y. The DET
heuristic is to control the n-dimensional MDP (3) by using
the optimal policy of the following one-dimensional MDP:

71[et Z; max{vr’fl +uw)+r,v ,H v(y)},  (16)

with the boundary conditions ﬁ‘Tl‘ﬁ 1(y)=—h(y) for all y.
Note that v(0,...,0)<¥%(0,...,0)=7v{(0). Thus,
DET heuristic provides an upper bound for the n-class

MDP formulation with random resource consumptions.
det -

Under the DET heuristic, the control policy 7 is given by
det(y 0) = L if ”i>"?j:1(y) - ;lfl (»+w;)
) 0’

otherwise.

Similarly, let v#

DET heuristic.

(x) be the expected total profit from
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5.4. Other heuristics

Suppose that the optimal solution of (DLP) is given by x*
and the shadow price of the capacity constraint is y. Then,
control policy of DLP heuristic 7 is given by

n
dp, oy )1 it > xppy+p;<cand x; <xj,
ui” (X) = k=1

0 otherwise.

The control policy of bid-price (BP) heuristic 7 is
given by

n
i < S>VU.
U?p(X) — 1 if /; xk:uk+fu1\c and riZ Y,

0 otherwise.

We also consider the first-come first-serve (FCFS)
policy, for which the control policy /" is given by

n
1 if Xyt <c
ulftf‘(x) _ gl ‘ kT Hi
0, otherwise.

Denote the expected profit of DLP, BP and FCFS
heuristics at period ¢ given state x as vj””(x), VP (x), and
v/¥5(x), respectively.

6. Numerical results and managerial insights

In this section, we conduct numerical experiments to study
the relative performance of the different heuristics. We
design three sets of examples. The first two sets have two
customer classes, and the third set has eight customer
classes. Since it is feasible to solve for the optimal strategy
for two-class problems, considering two class cases allows
us to compare the performance of different heuristics to
the optimal policy. When there are eight classes, the
corresponding dynamic programming formulation has
eight-dimensional state space, and therefore is difficult to
solve exactly. Therefore, we compare the performance of
the different heuristic policies to‘an upper bound. Define
the relative percentage differences of the expected revenue
for a heuristic policy from the optimal expected value and
upper bound of the optimal expected value, respectively, as
follows:

v1(0, ,0)—\11”(07 ..,0)

- 100
Py 71(0,...,0) x 100%,
W(0,...,0) = vl(0,...,0)

= l
Py 100, ..,0) x 100%,

where he{ci, dc, det, dip, bp, fcfs}.

Within each numerical set, we vary three factors: the
capacity/demand ratio, the penalty cost/average unit
revenue ratio, and the coefficient of variance for the
consumption of each class. The average per unit revenue

and the capacity/demand ratio can be defined as r=
Sio 1A T)d and c¢/d, respectively, where d=T> 7 1(4;tt;)

stands for total potential expected resource consumption.
We consider three different values for ¢/d: 0.5,0.75, and 1.
Note that we focus on cases where the capacity is relatively
tight because the value of optimal control is particularly
high in such cases. The ratio of penalty cost-to-average unit
revenue is given by b/r, for which we also consider three
levels with values 0.9, 1.0, and 1.1, respectively.

We use Lognormal distribution to model the random
resource consumptions, ie, A4; are independent and log-
normally distributed with mean y; and standard deviation

o, i=1,...,n. In each instance, we set u; and o; such that
coefficient of variation, ¢v;=0,/u;, is same for all classes,
ie, cv;=cv for all i=1,...,n Also, by varying (u;,o;),

we consider four different coefficient of variations with
values cve{0.5,1,2,4} to represent the different degrees of
consumption uncertainty. Therefore, in each test set, there
are 3 x 3 x 4=136 scenarios.

6.1. Two class with class-independent random resource
consumption

We first consider asset of two class problems with the same
random resource consumption for each class, ie, n=2,
u=wy=p=5and 6, =06, =0. We vary ¢ so that cv=ga/u
takes 0.5,1,2 and 4. The other problem parameters are
as follows: T'=150, 4, =0.2, 1,=0.3, r; =50, r,=40. Then,
d= TZ,Z: 1(Au;) =125 and the average unit revenue is
7 =8.80. The results are reported in Table 1.

Note that since the resource consumption is the same
for the two classes, CI heuristic is optimal and, therefore,
its performance gap is not reported in the table. The DC
heuristic performs the best on average among all five
heuristics with an average performance gap of 0.82% and
a maximum percentage gap of 5.74%. The performance
of the DET heuristic is ranked second with an average
percentage gap of 3.61% and a maximum percentage
gap of 13.35%. The DET heuristic works the best when
the demand variation is small, ie, when the coefficient of
variation is no greater than 1. The performance of DET
degrades as the demand variance and/or the penalty cost
increase. The profit loss from the deterministic heuristic
control can reach as high as 13.35% when ¢v=4 and
b/r=1. On the other hand, the performance of DLP, BP
and FCFS heuristics can be very poor with a percentage
gap as high as 33% when coefficient of variation is high
(cv=4).

In general, the performance gap of all heuristics is
increasing in the tightness of the capacity. This observation
is intuitive as optimal control policy is most valuable when
the capacity is insufficient to satisfy the total expected
demand. We also observe very different performance
across the different heuristics, with DC and DET heuristics
performing the best among all five heuristics. The
performance gap is increasing in the penalty cost for DC
heuristic, whereas it is decreasing in the penalty cost for
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Table 1 Percentage gap from the optimal expected revenue for two-class problems with class-independent consumption distribution
cv blr c/d=0.5 c/d=0.75 cld=1

ﬁ de ﬁ det ﬁ dip ﬁ bidp ﬁ fcfs ﬁ dc ﬁ det ﬁ dlp ﬁ bidp ﬁ fefs ﬁ dc ﬁ det ﬁ dip ﬁ bidp ﬂ fcfs

09 004 000 16.18 16.18 16.18 0.02 000 9.65 9.33 933 0.00 0.00 924 188 1.88

0.5 1 395 095 16.78 13.74 13.74 1.82 1.03 12.58 7.70 7.70  0.51 0.53 870 1.50 1.50

1.1 574  0.60 1535 1249 1249 273 0.72 1145 6.69 6.69 091 0.38 823 120 1.20

09 0.17 0.00 20.32 20.32 2032 0.02 0.00 1237 12.07 1207 0.00 0.00 924 250 2.50

1 1 217 320 18.66 17.01 17.01 098 289 1396 10.06 10.06 0.08 1.00 862 2.11 2.11

1.1 2.78  2.16 1645 1514 1514 130 212 1226  8.55 855 0.13 0.82 802 176 1.76

09 025 001 2661 2661 2661 002 000 1572 1543 1543 0.00 0.00 9.68 3.06 3.06

2 1 0.82  7.71 23.15 2248 2248 024 575 1683 1348 1348 000 149 9.07 273 273

1.1 2.04 542 19.80 19.61 19.61 0.38 4.60 14.70 11.60 11.60 0.02 1.33 845 238 2.38

09 026 0.00 3297 3296 3296 0.00 0.01 18.65 18.33 1833 0.00 0.01 10.36 3.50 3.50

4 1 0.87 1335 2883 2892 2892 0.04 829 1957 16.67 16.67 0.00 185 9.79 320 3.20

1.1 1.07 989 2455 2530 2530 021 7.17 1744 1488 1488 000 174 9.18 287 2487

Minimum 0.04 0.00 1535 1249 1249 0.00 000  9.65 6.69 6.69 0.00 0.00 802 120 1.20

Average 1.68 3.61 21.64 2090 2090 0.65 272 14.60 12.06 12.06 0.14 0.76 9.05 239 239

Maximum 574 1335 3297 3296 3296 273 829 19.57 1833 1833 091 1.85 1036 3.50 3.50

Note: T=50, 1;=0.2, 1,=0.3, n=50, r,=40, gy =, =pu=>3.

Table 2 Parameters for eight-class problems

Class-1 Class-2 Class-3 Class-4 Class-5 Class-6 Class-7 Class-8

Ai 0.1 0.1 0.1 0.1 0.05 0.05 0.05 0.05
w16 14 12 10 8 6 4 2
o 11521064 96 84 70.4 55.2 38.4 20

DLP, BP and FCFS heuristics. The impact of penalty cost
for DET heuristic is, in general, non-monotonic. The
performance of DC heuristic is decreasing in the coefficient
of variation, while the performance of the’ other. four
heuristics increases in the coefficient of variation (Table 1).

Since DET, DLP, BP and FCFS heuristics 'do not
capture the randomness in resource.consumption and/or
demand, this observation coincides with our expectation.

Overall, our results show that DC heuristic is a viable
control strategy with relatively small performance gap,
while the other heuristics can bring significant profit loss.
This conclusion also <olds for the other two sets of
problems that we introduce next.

6.2. Two-class with class-dependent random resource
consumption

We now turn our attention to the second set of two-class
problems with different random resource consumptions,
where n=2, u; =10 and u, =5. We take T=50, 4,=0.3,
A»=0.2, r1=80, and r,=50. Then, d=200, and the
average per unit revenue is 7 = 8.5. The results are reported
in Table 3.

First, we note that since the resource consumptions
differ across the two classes, CI heuristic is no longer

optimal. Therefore, we report the results of CI heuristic.
We again compare. all heuristics against the optimal
policy. Overall, CI heuristic and DC heuristic work better
than all the other heuristics, with CI heuristic slightly better
than DC heuristic. The average and maximum profit
gap of the CI heuristic are 0.41 and 3.99%, respectively,
while those of the DC heuristic are 0.50 and 4.82%,
respectively. When the demand variations are low, DET
heuristic works well regardless of the penalty cost.
However, if the demand is highly variable, a maximum
loss of 16.32% incurs when cv=4 and b/r=1. We also
observe a high performance gap when the capacity is
tighter. As b/F increases, the performance gaps of DLP, BP,
and FCFS heuristics decrease. Our overall conclusions that
we draw from this problem set are similar to those in the
previous subsection.

6.3. An eight-class example with class-dependent random
resource consumption

Now, we consider a set of relatively large problems with
eight classes of demand, where n =28, and 4;, u; and r; for all
i=1,...,8, are reported in Table 2. Also, in each problem
instance, we change o; so that coefficient of variation for
each class 7 is kept same, ie, cv;=cvforalli=1,...,8. The
total number of periods is 7=50. The average per unit
revenue is 7 =7.96 and d=310.

Since it is computationally very costly to evaluate
different policies due to the ‘curse of dimensionality’, we
use simulation to estimate the expected revenue for each
heuristic. We randomly generate arrivals of the eight
classes according to the arrival probabilities in Table 2.
We run 2000 simulations for each problem instance. In
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Table 3 Percentage gap from the optimal expected revenue for two-class problems with class-dependent consumption distributions

cv blr c/d=0.5 ¢/d=0.75 cld=1
ﬁ(ff ,Bdc‘ ﬁdet ﬁz/mp ﬁl?iz/p ﬁ/(/\ ﬁ('i ﬁ(/(f ﬁzler ﬁdmp ﬁhidp ﬁﬁ/s ﬁvi ﬁdc‘ ﬁdet ﬁc/mp ﬁbi{{ﬂ ﬂ/(/\
0.9 0.00 0.00 0.00 13.58 13.35 13.35 0.00 0.00 0.00 798 6.80 6.80 0.00 0.00 0.00 8.22 2.07 2.07
0.5 1 399 262 1.78 1037 9.05 9.05 0.80 0.78 1.68 7.61 482 482 0.04 0.29 0.69 7.61 1.61 1.61
.1 213 482 119 889 785 785 045 147 1.18 649 386 3.86 0.11 0.58 0.51 562 126 1.26
0.9 0.00 0.00 0.00 1794 17.71 17.71 0.00 0.00 0.00 10.85 9.67 9.67 0.00 0.00 0.00 8.46 2.74 2.74
1 1 2,64 109 480 1348 1295 1295 0.24 045 4.01 1004 7.53 7.53 0.01 0.03 1.28 7.83 231 2.31
.1 051 148 334 11.10 1096 1096 043 125 295 833 599 599 0.03 0.15 1.05 585 1.89 1.89
0.9 0.00 0.03 0.00 24.25 24.02 24.02 0.00 0.00 0.00 14.26 13.00 13.00 0.00 0.00 0.00 9.10 3.39 3.39
2 1 0.97 0.33 10.10 18.95 19.05 19.05 0.03 0.04 7.16 13.52 11.10 11.10 0.00 0.01 1.85 8.51 3.02 3.02
1.1 052 092 7.15 1523 1582 1582 0.23 041 574 1148 9.23 923 0.00 0.02 1.65 6.52 2.63 2.63
0.9 0.01 0.05 0.0l 3046 30.22 30.22 0.00 0.00 0.00 17.23 15.82 15.82 0.00 0.00 0.00 9.93 3.99 3.99
4 1 0.24 042 1632 2526 25.86 2586 0.00 0.02 9.83 16.77 1421 14.21 0.00 0.00 2.28 9.40 3.66 3.66
1.1 138 057 1190 20.30 21.53 21.53 0.05 0.14 8.49 14.86 12.47 1247 0.00 0.00 2.12 7.31 3.31 3.31
Minimum 0.00 0.00 0.00 8.8 7.85 7.85 0.00 0.00 0.00 649 386 3.86 0.00 0.00 0.00 5.62 1.26 1.26
Average 1.03 1.03 472 1749 1736 1736 0.18 0.38 3.42 11.62 954 954 0.02 0.09 0.95 7.86 2.66 2.66
Maximum 399 4.82 16.32 30.46 30.22 30.22 0.80 1.47 983 17.23 15.82 1582 0.11 0.58 2.28 9.93 399 3.99

Note. T=50, /,=0.3, 2=0.2, 11 =80, r»=50, 1 = 10, trr=>5.

Table 4 Percentage gap from an upper bound for eight-class problems with class-dependent consumption distributions

cy blr c/d=0.5

¢/d=0.75 c/d=1

B ci B de B det B dip B bidp ,B fefs B ci B de

B det B dip B bidp B fefs B ci B dc B det B dip B bidp B fefs

O

0.04
3.33
12.33
0.06
2.98
8.77
0.56
4.85
10.48
2.66
8.60
15.77

0.04
4.26
8.84
0.06
3.04
6.40
0.57
5.78
12.41
2.73
9.75
20.80

0.05
1.24
3.25
0.06
4.13
7.80
0.53
10.06
15.58
2.67
18.14
25.03

11.95
9.54
9.62

16.10

14.31

14.91

22.69

21.87

23.29

30.65

31.04

33.44

11.83 11.83
8.68 9.4l
3297 9.49
15.98 15.98
12.28 14.18
33.78 14.77
22.58 22.58
18.83 21.76 " 7.19
38.19 23.17 10.42
30.49 30.50..10.50
26.93 30.88 13.74
44:12.33.29. 7.90

0.23
2.55
5.42
1.39
3.39
6.16
4.69

0.23
4.43
5.59
1.41
4.39

0.5

O =—

O =

7.79
12.38
11.73
15.98
21.95

—_—_ e, P, OO, —, O = m, O
r o= S S S

—_—

0.04
5.87
15.77

0.04
6.22
20.80

0.05
7.38
25.03

9:54
19.95
33.44

8.68
24.72
44.12

9.41
19.82
33.29

0.23
6.96
17.90

Minimum 0.23
Average

Maximum 21.95

7.16
4.94

20.05
24.37

8.16
24.37

0.23
1.78
3.24
1.39
5.30
7.61
4.70
11.73
15.01
10.50

6.78

6.07

6.24
10.53
10.27
10.84
16.67
17.16
18.45
24.29
25.75
27.95

579 5.79
7.58 5.12
7.54 5.34
942 942
11.16 9.21
11.46 9.84
15.66 15.66
17.48 16.20
18.42 17.56
23.36 23.36
25.30 24.87
27.11 27.14

0.06
2.98
8.77
3.65
434
5.26
8.95
10.23
11.71
16.58
18.68
20.98

0.06
3.04
6.40
3.79
4.59
5.80
9.82
11.40
13.27
19.86
22.96
26.54

0.06
4.13
7.80
3.65
5.07

16.10 15.98
14.31 12.28
14.91 33.78
14.61 548
14.61 5.85
6.19 1479 6.41
8.94 19.46 11.16
11.32 20.03 12.16
13.13 20.77 13.36
16.58 26.85 18.88
19.87 28.21 20.73
22.52 29.73 22.76

15.98
14.18
14.77

5.48

5.85

6.41
11.16
12.17
13.36
18.88
20.73
22.77

0.23
8.83

6.07
15.08
27.95

5.79
15.02
27.11

5.12
14.13
27.14

0.06
9.35
20.98

0.06
10.63
26.54

0.06 14.31
9.94 19.53
22.52 29.73

5.48
14.90
33.78

5.48
13.48
22.77

almost all cases, the simulation error is less than 0.5%,
which is much smaller than the relative difference among
different policies. The relative performance gap of
each heuristic compared with the upper bound is given in
Table 4.

The CI heuristic is again the best on average among all
heuristics. The performance of DC heuristic ranks second
when the tightness of the capacity is high or medium. The
DET heuristic works well only when ¢v=0.5 and the
tightness of the capacity is medium. As the coefficient of
variation, the tightness of capacity, and the penalty cost

increase, the CI heuristic improves over the DET heuristic.
For example, when ¢cv=4, ¢/d=0.5 and b/F>=1.1, the CI
heuristic generates 10% more revenue than the DET
heuristic.

Our results in this section confirm once again that CI
heuristic performs well under a variety of parameter
settings. DC heuristic also performs well in general, but
seems to be slightly worse than CI heuristic. DET heuristic
is the best among all other heuristics, but is still dominated
by both CI and DC heuristics. Therefore, our results
point to the importance of considering random resource
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consumption in control policies. Indeed, ignoring random
resource consumption can result in huge loss in profits,
especially when the coefficient of variation is high.

7. Conclusions

In this paper, we build a dynamic programming model
to analyze the impact of random resource consumptions
on optimal revenue management decisions. We char-
acterize the structure of optimal policies for the two-class
case and show that the optimal booking decision is of
threshold type (known as booking limit policy). How-
ever, we show via counterexamples that booking limit
policy may not be generally optimal when the number of
customer classes exceeds two. This result necessitates us
to explore computationally efficient heuristic policies
that specifically take into account the random resource
consumptions.

Along these lines, we develop two heuristics that take
quite different approaches to break the curse of
dimensionality. The first heuristic (CI) pools random
consumption distributions of all the classes into a
common distribution by scaling their first and second
moments, and then solves a revenue management
problem where random resource consumptions follow
this common distribution. The second heuristic (DC),
instead, decomposes the multi-class problem into
several independent single-class problems, all of which
are linked only by a common terminal condition. In
addition to the above two, we consider three other
heuristics (DET, BP, DLP) commonly utilized<in the
literature that ignore uncertainties in demand-arrivals
and/or resource consumptions. We also consider FCFS
as a benchmark. We conduct an extemsive numerical
study to compare the performance of CI and DC with
that of DET, BP, DLP, and FCFS under various
scenarios.

We show that CI performs the best among all the
heuristics. Indeed, we cancanalytically prove that CI is
optimal when the distribution function that governs
uncertainty in resource consumption is the same for
all the classes. The next best-performing heuristic is DC.
We also identify three conditions under which CI and
DC outperform the others. Specifically, they are coeffi-
cient of variation, demand-to-capacity ratio and penalty
cost-to-unit revenue ratio, representing the degree of
randomness in the resource consumption, the capacity
utilization, and relative ratio of underage cost to overage
cost, respectively. In general, the performance of all
heuristics worsens as all three factors increase. In the
mean time, as all these factors increase, the performance
gap between CI and DC at one side and the four other
heuristics on the other side widens.
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Appendix

Proof of Theorem 1 We only show the proof for convex
order. The proof for usual stochastic order follows
similarly. (a) We first show that vy, (X)<vy, (x) if
Y:>..Y«. Note that

vri1(X) = —E[h(Y5)]< — E[A(Yy)] = vri1(x),

where the inequality follows from the facts that
Yi= . Yx and h(-) is convex.

Assume that v,  (X)<v, 1 (x) if Yg=.. Y, and we
need to show that v,(X)<v/(x). By (5), the key is to
show that Tyv, . |(X)< Ty, 1 1(x), ie,

max{v.1(X +e) + 1, vip1(X)}

<max{v.(xX+ex) +re, v (x)} (Al
Note that Yiie, = Y + 4i and Yyye, = Yx + Ay , thus
Yite, = ex Yxte, DY the closure property of convex order
and v, (X +e;) <v,, (X + e;) by induction assumption.
Therefore (A.l) holds true, ie, Tyv,  1(X)<Trv, 4 1(X)
given Yiz> ., Y,. It follows that

vi(X) — vi(x) Ziik[Tka(i) — Tyevis1 (X))
=
+ Zo[ver1(X) — v (x)] <0,

and we have shown that v(X)<v/(x) if Y=, Yx.

(b) The result follows from (a) immediately . as
Yi+A;i=z. Yi+A; given A;>. A; Therefore,
vi(X+e)<vix+e) and Ay (x)=Av,(x).

(c) Suppose A;>.. A; and r;>r;, that is, class-j is ranked
higher than class-i. By (b), we have Ap(X)=Ayv/(x) if
A;= .« A;. Therefore the result follows directly. from

rizri = A (X) = Ay (X),

that is, if it is optimal to accept a class-i request at state
(x, 1), then it is also optimal to accept a class-j request which
is ranked higher than class-i. [

Proof of Lemma 2 First we use coupling arguments to
prove that the terminal function vy, (xX)=—E[h(Yy)]
preserves submodularity for any nondecreasing and
convex A( -).

Let f(x)=—v7,1(X) represent the penalty cost given
the state x at period 7+ 1. Submodularity of vy (x) is
equivalent to

fx+e)—fX)<Sf(x+e +e)—f(x+e), (A2)
which says that the marginal cost of accepting a class-1
request at state x is lower than that of at state x+e,.

Consider two systems with system 1 at state x and system 2
at state x+e,; and the arrival processes and random
resource requirements of the two systems are coupled. We
compare the marginal cost of accepting a class-1 request
for the two systems. There are three cases: (1) both the total
resource requirement of accepting a class-1 demand at state
x and that of accepting another class-1 at state x+e, do
not exceed the capacity; (2) the total resource requirement
of accepting a class-1 demand at state x is within the
capacity, while that of accepting a class-1 at state x+e,
exceeds the capacity; (3) both have exceeded the capacity.
In the first case, the marginal costs of system 1 and system
2 are the same; while in the second and third case, the
marginal cost of system 1 is less than that of system 2 for
the linear cost function. Therefore (A.2) is true and
submodularity holds for vy (x).

Now assume that Ayv, , (x1, x2) <Ayv, (X1, X2+ 1) and
we need to show that submodularity holds for v,(xy, x,),
which is essentially reduced to show that A; T, . 1(x1, x2) <
ATy, 1(x1,x2+ 1), i=1,2. We will adopt an approach
introduced by Zhuang and Li (Lemma 2, 2010) to prove
the propagation of structural properties on the control
operator 7.

@ T (o x2) =T, (e + 1L, x) < T vy (o, x4+ 1)—
Tlvt+1(xl + 1,X2+ l)’ ie7

max{v.1(x + 1, x2) + r1, vis1 (x1, x2)}
—max{v.1(x1 +2, x2) + 1, v (1 + 1, x2)}
<max{v1(x1+ 1, xa+ 1)+ r1, v (x1, X2+ 1)}
—max{vi1(x1 +2, xa+ 1) +r, v (31 + 1, xo + 1)}
(A.3)

Since

Vet (1 + 1, x2) + 11— (v (X1 + 2, x2) +11)

v+ Lo+ D)+ =g +2,x2+ 1) +11),
Vet (x1 + 1, x2) + 11 — v (X1 + 1, x2)

<= v+ Lxa+ D)+ —v(xr +1, x24+ 1),
Vie1 (%1, X2) — (Vi1 (X1 + 2, x2) + 71}

v (x, 2+ 1) — (v (x1 +2, x24+ 1) + 1),
Ver1 (X1, x2) — v (X1 + 1, x2)

Svpr(x, 24+ 1) — v (g + 1, x2 + 1),

where the inequalities follow from submodularity of v, |
(X 1,)C2) that

Ay (n + 1, x2) <A v (o + 1, x2 + 1),
Aovii(x1, x2) <Ay (X1 + 2, x2),

A (x1, x2) <Ay (X, x2 + 1),
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Therefore (A.3) holds true by Lemma 2 (Zhuang and Li,
2010).

®)  Tovy g 1(ep, X2)—Tovp 10y + 1, ) < Ty (g, X2+ 1)—
Tove (x4 1,x24 1), ie,

max{v,y1(x1, xo + 1)+ r2, viy1(x1, x2)}
—max{v1(x1 + 1, xa+ 1) +r2, vip1 (1 + 1, x2)}
<max{ v (x1, x2+2) 4+ r2, vip1 (x1, x2+ 1)}
—max{vi i (xi+ 1, xa+2)+r, v (x1 + 1, x2+ 1)}
(A4)

Since

Vit (X, o+ 1)+ — (v (51 + 1, o+ 1) +12)
v (xr, 0 +2)+ 10— (v (x1 + 1, x2 4+ 2) + 1),
V(X o+ D) +m— e (a+ 1, xo+ 1) +12)
<=L, x4+ 1) — v (e + 1 xo + 1),
Vet (X1, X2) = vepr (31 + 1, x2)
v (x1, X2+ 2)+r— (v (X1 + 1, x0 +2) + 1),
Vir1 (X1, X2) — vepr (31 + 1, x2)
v (x, x4+ 1) — v (xr + 1, xo + 1),

where the inequalities follow from
v 1(x1, xo) that

submodularity of

Apvepr(xr, X2+ 1) <A v (xg, x2 +2),
Ay (X1, X2) KAV (X1, X2 +2),
Ay (X1, x2) <A (x1, x2 + 1),

hence (A.4) holds true. Therefore submodularity holds for
vix1, X0), 1€, Apvxy, X)) <Apvx;, xo+1). O

Proof of Theorem 2 The structure of ‘the optimal control
policy presented in Theorem 2 follows directly from
the submodularity of v,(x;,x,), which is proved in
Lemma 2. O

Proof of Lemma 3 (a)
Avg () <AV (x + 1), de,

First we show that

E[h(Y 1)) — EIh(Y,)]<E[(Y,0)] — Elh(Yoe)l. (AS)

Note that (A.5) is equivalent to

R((x + 1)A) — h(xA) <h((x +2)A) — h((x + 1) 4),

which is true since A(-) is convex. Hence, AV, 1(x)<
AVr . 1(x+1) holds. Assume that AV, (x) <AV, (x+1)
and we need to show that Av(x)<Av/(x-+1). The key
is to show that AT, (x)<ATw;, (x+1), where
T, ¢ 1(x) =max{v,  |(x+ 1)+ r, v, 1(x)}. That is,

max{Ve+1(x + 1) + s, V1 ()} — max{v1(x + 2)
+r, Ve (x+ D}<max{v (x+2) + 1, Ve (x+ 1)}
—max{V1(x+3)+r;, Ve (x+2)}, (A.6)

which follows by

Vet (¥ + 1)+ i = (Ve (X +2) + 1)
STt (6+2) 1 (e (54 3) 1),
Vr(x+ 1) +r—V(x+1)
<+ 2) + 1= T +2),
Vet (%) = Ve (x4 1)
SVt (X +2) + 1 = (Vg (x +3) +12),
Viat (X) = @i (x + 1)
<X+ 1) = v (x +2).

Therefore Avj(x) <Av,(x+ 1) holds by Lemma 2 (Zhuang
and L1, 2010).

(b) Note that

AR(x) = Al (x) + D Amax{r; — Av,(x), 0}
i=1

=

—max{r; — AV 1 (x+ 1), 0} = AV, (x),

where the last
AV, (x+1). O

inequality follows by AV, (x)<

Proof of Theorem 3 (a) Given that r>r. By
AV, 1(Sj)>r; =1, it follows that Sf,> S},

(b) By Lemma 3(b), we have Av(S}) = AV, (S}) >r;and it
follows that S}, =S}, ;. O

Proof of Lemma 4 The proof follows similar arguments
as that of Lemma 3 and thus is omitted. [
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