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We consider a nonlinear nonseparable functional approximation to the value function of a dynamic pro-
gramming formulation for the network revenue management (RM) problem with customer choice. We
propose a simultaneous dynamic programming approach to solve the resulting problem, which is a nonlinear
optimization problem with nonlinear constraints. We show that our approximation leads to a tighter upper
bound on optimal expected revenue than some known bounds in the literature. Our approach can be viewed
as a variant of the classical dynamic programming decomposition widely used in the research and practice
of network RM. The computational cost of this new decomposition approach is only slightly higher than the
classical version. A numerical study shows that heuristic control policies from the decomposition consistently

outperform policies from the classical decomposition.
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1. Introduction

Revenue management (RM) entails controlling the
availability / pricing of different products that use the
same set of resources in order to maximize rev-
enue. Traditional application areas include airlines,
hotels, and car rentals. The application has expanded
to many other areas in recent years (Talluri and
van Ryzin 2004b). One problem that has received
considerable attention in the research and applica-
tion of RM is the network RM problem (Gallego and
van Ryzin 1997), where customer requests with vary-
ing resource requirements and revenue contributions
are controlled dynamically in order to maximize rev-
enue. A canonical example is the application in the
airline industry, where the resources correspond to
seats on scheduled flights and products refer to dif-
ferent fare-itinerary combinations. Network RM tech-
niques have also been widely used in other applica-
tion areas.

It is well known that the dynamic program-
ming formulation of network RM suffers from the
curse of dimensionality as the state space of such
a formulation grows exponentially with the num-
ber of resources involved (see, e.g., Bertsimas and
Popescu 2003). Dynamic programming decomposi-
tion, where a high-dimensional dynamic program
is decomposed into a set of dynamic programs
with small one-dimensional state space, is a power-
ful idea that has been exploited extensively in the

research and application of network RM. For a review
on decomposition-based approximations for network
RM, see Talluri and van Ryzin (2004b, §3.4). Recently,
Liu and van Ryzin (2008) extend the dynamic pro-
gramming decomposition approach to network RM
with customer choice. Their work inspired a stream
of research that considers refined solution approaches
of the same problem. (We defer a more detailed liter-
ature review to the next section.)

Traditional formulations of network RM often
adopt the independent demand by fare class (inde-
pendent demand for short) assumption where each
arriving customer belongs to a specific fare class
requesting a particular product (fare-itinerary com-
bination). Recently, many authors have considered
models that explicitly take into account customer
choice behavior among the available fare products.
Such models reflect the trend toward more realis-
tic customer behavior modeling. With the increas-
ing availability of product information and decreas-
ing search cost in many RM settings, customers are
empowered to make smarter choices that fit their
needs. We choose to discuss our main results in the
setting that considers customer choice behavior. To
further facilitate our discussion, we will present our
work in the airline RM context. We do point out
that because the independent demand model can be
cast as a customer choice model where each cus-
tomer chooses a particular product with probability
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one and other products with probability zero, the
main theoretical results in this paper easily extend to
that setting.

Despite the popularity of dynamic programming
decomposition in RM research and practice, surpris-
ingly few theoretical results are found in the litera-
ture. Zhang and Adelman (2009) show that a particu-
lar dynamic programming decomposition leads to an
upper bound on the optimal expected revenue, which
is tighter than the bound from a deterministic lin-
ear program called a choice-based deterministic linear
program (CDLP); see Liu and van Ryzin (2008).

Zhang and Adelman (2009) follow the earlier work
of Adelman (2007), which considers a linear func-
tional approximation for network RM in an indepen-
dent demand setting. In his approach, the dynamic
programming value function for each time period
is approximated by an affine function of the state,
which refers to the vector of remaining inventories
for all resources. The (time-dependent) coefficients for
each state component can be interpreted as dynamic
bid prices, which represent the estimated opportu-
nity costs for resources. Such dynamic bid-prices can
be used in the optimality equation of the dynamic
programming formulation to generate control poli-
cies. Zhang and Adelman (2009) show that a dynamic
programming decomposition approach using such
dynamic bid-prices leads to an upper bound on the
optimal expected revenue. However, their decompo-
sition bound is more general. In fact, the bound holds
for any bid-price vector; in particular, it holds for a
static bid-price vector that is time invariant.

Motivated by the decomposition bound in Zhang
and Adelman (2009), this paper explores a stronger
form of functional approximation that is nonlinear
and nonseparable. To the best of our knowledge,
our work is the first in the RM literature to con-
sider such a strong form of functional approxima-
tion. This new functional approximation leads to a
nonlinear optimization problem with a large num-
ber of nonlinear constraints, and is potentially very
difficult to solve. We show that a restricted version
of the optimization problem can be efficiently solved
via a simultaneous dynamic programming algorithm.
The computational cost of the algorithm is only
slightly higher than that of the dynamic program-
ming decomposition presented in Liu and van Ryzin
(2008). Because their decomposition approach is very
similar in spirit to existing dynamic programming
decomposition approaches in the literature, we refer
to their approach as the classical dynamic program-
ming decomposition. Furthermore, the new decom-
position leads to a revenue bound that is tighter than
the decomposition bound presented in Zhang and
Adelman (2009).

It is possible to combine the approach proposed in
this paper with approaches that generate “better” bid
prices. This paper uses static bid-prices from CDLP.
An immediate extension is to use bid-prices from
other approaches, such as the dynamic bid-prices
from Zhang and Adelman (2009). All the theoreti-
cal results in this paper carry over. A downside of
using such an approach is that the computational
cost would be much higher because it is quite
computationally intensive to compute dynamic
bid-prices.

For ease of reference, we will refer to the classi-
cal dynamic programming decomposition as DCOMP,
and the one presented in this paper as DCOMP1. We
will also refer to the heuristic policies from the two
decomposition schemes as DCOMP and DCOMP1,
respectively. We will make it clear from the context
when we refer to bounds versus policies.

We test the performance of DCOMP1 on a set
of randomly generated problem instances with dif-
ferent load factors and time horizons. Our simula-
tion results show that DCOMP1 outperforms DCOMP
in almost all test cases. In particular, it can outper-
form DCOMP by as much as 8% even in relatively
large problem instances, which is quite remarkable
given that DCOMP is often believed to be one of
the strongest benchmarks available and is often the
algorithm implemented in commercial applications.
For comparison purposes, we also implement a pol-
icy that uses static bid-prices from CDLP, which we
call CDLP. We show that overall DCOMP1 performs
better than CDLP even when the latter is frequently
resolved.

Our numerical results show that bounds from
DCOMP1 can be much tighter than bounds from
DCOMP, providing better benchmarks in numerical
studies. However, even when DCOMP1 bounds are
close to DCOMP bounds, the corresponding policy
can still outperform those from DCOMP. We show
that the DCOMP1 bounds from individual legs are
more homogeneous than those from DCOMP, which
we believe is the source of strength of the policies.
This stems from the enhanced ability of DCOMP1
to capture network effects through its stronger func-
tional approximation.

The customer choice model considered in our
numerical study is the multinomial logit model
with disjoint consideration sets (MNLD) that was
originally introduced in Liu and van Ryzin (2008).
The choice model was subsequently considered
in several follow-up papers (Zhang and Adelman
2009, Meissner and Strauss 2009, Kunnumkal and
Topaloglu 2008b). The approach presented in this
paper can be extended to more general choice mod-
els, such as the multinomial logit choice model
with overlapping segments introduced in Bront et al.
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(2009). However, we believe that considering more
complex forms of choice models digresses from the
main purpose of the paper. We conjecture that a sim-
ilar revenue lift can be observed for more general
choice models because the main driver of the perfor-
mance improvement is the stronger form of functional
approximation that captures network effects better.

The main contribution of the present paper is the
new decomposition scheme DCOMP1, which is based
on a strong form of functional approximation of the
dynamic programming formulation of the network
RM with customer choice. The functional approxi-
mation employed can capture network effects better
than classical dynamic programming decomposition
to the same problem. To the best of our knowl-
edge, our work is the first that adopts a nonlin-
ear nonseparable functional approximation, which is
shown to be efficiently solvable through a simulta-
neous dynamic programming algorithm. We show
that the new decomposition approach leads to a bet-
ter revenue bound than does the classical version.
Coming up with tighter revenue bounds is interest-
ing in its own right (Talluri 2008). A computational
study demonstrates the strength of the proposed
approach.

The remainder of the paper is organized as fol-
lows. Section 2 reviews the relevant literature, and
§3 formulates the problem and reviews some prelim-
inary results. The core of the paper is §4, which intro-
duces the new dynamic programming decomposition
approach. Section 5 introduces several heuristic poli-
cies tested in our numerical study. Section 6 reports
computational results, and §7 summarizes.

2. Literature Review
Our work is closely related to the RM and approx-
imate dynamic programming literature. For a com-
prehensive review of the RM literature, see Talluri
and van Ryzin (2004b). Comprehensive references on
approximate dynamic programming are offered by
Bertsekas and Tsitsiklis (1996) and Powell (2007).
The problem considered in this paper builds on the
growing literature on revenue management with cus-
tomer choice, and draws heavily on the recent litera-
ture that considers such problems in network settings.
Researchers in RM have long realized that demand
for different products may be dependent through
customer diversion and upgrading. Brumelle et al.
(1990) consider seat allocations for a two-class single-
leg RM problem when the demands for the two
classes are stochastically dependent because of cus-
tomer buy-up. Belobaba and Weatherford (1996)
investigate variations of some well-known heuristics
to account for customer diversion among customer
classes. Zhao and Zheng (2001) consider a two-class

seat allocation model with passenger diversion. Much
of the early work considers problems that involve a
single resource and relatively simple customer behav-
ior models. Talluri and van Ryzin (2004a) consider
customer choice among fare classes on a single-leg
flight for a quite general discrete-choice model. Their
work paved the way for later developments that con-
sider more general choice models and more complex
network structure.

Zhang and Cooper (2005, 2009) consider seat allo-
cation and pricing issues for multiple flights shar-
ing the same origin and destination. Van Ryzin and
Vulcano (2008) introduce a simulation-based opti-
mization approach for network RM under a fairly
general customer choice process. Gallego et al. (2004)
propose a linear programming approach to analyze
network RM for flexible products that was subse-
quently adopted by Liu and van Ryzin (2008) to
study network RM with customer choice. They also
extend the classic dynamic programming decompo-
sition approach (see Talluri and van Ryzin 2004b,
§3.4) to the network setting with customer choice. To
demonstrate the strength of the approach, they con-
sider problem instances where customer choice fol-
lows a MNLD.

The line of research on network RM with cus-
tomer choice has been expanding. Bront et al. (2009)
extend the work of Liu and van Ryzin (2008) to allow
for overlapping consideration sets in the multino-
mial logit choice model. They adopt a dynamic pro-
gramming decomposition approach similar to the one
in Liu and van Ryzin (2008). Their paper provides
a heuristic solution approach for the CDLP formu-
lation under the more general choice model, which
was empirically shown to perform well. Jiang and
Miglionico (2006) consider a network RM problem
with customer buy-up and explore several solution
approaches. Zhang and Adelman (2009) adopt a lin-
ear functional approximation approach to generate
dynamic bid prices that are subsequently used in
a dynamic programming decomposition. Their work
builds on the earlier work of Adelman (2007), which
considers functional approximation for dynamic pro-
gramming formulation of the network RM problem.
Kunnumkal and Topaloglu (2008b) solve the net-
work RM with customer choice using a Lagrangian
relaxation approach to approximate dynamic pro-
gramming. Kunnumkal and Topaloglu (2008a) pro-
pose a dynamic programming decomposition that
aims at finding better fare proration than that used
in Liu and van Ryzin (2008). Walczak (2008) intro-
duces a product-based decomposition idea. Meissner
and Strauss (2009) consider a separable concave func-
tional approximation for the network RM with cus-
tomer choice. They propose inventory aggregation
as a way to reduce the computational burden and
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show some theoretical results. Their work is related
to the earlier work of Farias and Van Roy (2007),
who posit a separable concave functional approx-
imation for network RM without customer choice.
Farias and Van Roy (2007) adopt a constraint sam-
pling approach to solve the problem. With few excep-
tions, the MNLD choice model is considered in the
majority of papers in this stream of research, includ-
ing Zhang and Adelman (2009), Kunnumkal and
Topaloglu (2008a, b), and Meissner and Strauss (2009).
We also consider the MNLD choice model in the
present paper.

The solution approach adopted in this paper
is closely related to the functional approximation
idea for approximate dynamic programming that
was first considered by Schweitzer and Seidmann
(1985). de Farias and Van Roy (2003) consider
linear-programming based approaches to approxi-
mate dynamic programming. Adelman (2007) pro-
poses the use of weighted basis functions as a way to
approximately solve high-dimensional dynamic pro-
gramming formulation of network RM. He demon-
strates the strength of the approach using a lin-
ear functional approximation, which is a special
case of the weighted basis function approach.
Other papers that consider functional approxima-
tion approaches include the earlier-cited papers of
Zhang and Adelman (2009), Farias and Van Roy
(2007), and Meissner and Strauss (2009). For an
example of a functional approximation approach for
infinite-horizon dynamic programs, see Adelman and
Mersereau (2008).

This paper considers a functional approximation
that is nonlinear and nonseparable. To the best of
our knowledge, our work is the first that considers
such an approximation in the RM literature. We pro-
pose a simultaneous dynamic programming approach
to solve the resulting problem. Compared with some
of the existing work, the benefit of the proposed
approach lies in its relatively low computational cost.
Indeed, our numerical study shows that the com-
putational time required is only slightly higher than
the classical dynamic programming decomposition
approach proposed in Liu and van Ryzin (2008).
When computational time is not a concern, our
approach can be combined with other approaches
in the literature—for example, Zhang and Adelman
(2009) and Meissner and Strauss (2009)—to gener-
ate potentially even stronger heuristics. Our results
confirm, once again, the effectiveness of functional
approximation as a useful approach for approximate
dynamic programming in network RM and other
applications. In addition, our approach leads to a
better bound, which is subsequently used as the
benchmark in our numerical study.

3. Model Formulation and
Preliminaries

3.1. Dynamic Programming Formulation

This section formulates the network RM problem
with customer choice as a finite-horizon dynamic pro-
gram. The original problem was introduced in Liu
and van Ryzin (2008). Our formulation and notations
closely follow those of Zhang and Adelman (2009).
For ease of exposition, we use airline terminology
throughout the paper.

Consider a flight network with m legs and the set
of capacities ¢ = (cy, ..., c,,)", where ¢; is the capacity
of leg i and the superscript T denotes vector trans-
pose. There are n products offered, where a product
is an itinerary-fare combination. Let N ={1, ..., n} be
the set of products. The fare for product j is f;. The
consumption matrix is an (m x n)-matrix A = (a;;). The
entry a; € {0, 1} represents the amount of resource i
required by a class j customer. By restricting A to a
binary matrix, we explicitly rule out group requests
that can use multiple units of a resource. This restric-
tion is made primarily for convenience and can be
relaxed for much of our analysis. The jth column A;
is the resource incidence vector for product j. There
are 7 discrete time periods that are counted forward,
so period T is the last period. The period 7+1 is used
to denote the end of the horizon. To simplify notation,
we reserve the symbols i, j, and t for legs, products,
and time, respectively.

In each period, there is one customer arrival with
probability A, and no customer arrival with probabil-
ity 1—A. Note that we assume that A is independent of
time ¢ only for notational simplicity. When a customer
arrives, the firm must decide what products to offer.
Let S € N be the offer set of the firm. Note that S =@
means that no product is offered. Given offer set S,
each arriving customer chooses the product j € S with
probability P;(S), and makes no purchase with proba-
bility P(S) =1—3_,cs P;(S). Note that the independent
demand model where each customer requests a spe-
cific product but does not choose among the products
can be modeled as a special case where P;(S) =p;Vj €
S and P;(S) =0 otherwise.

The state at the beginning of any period t is an
m-vector of unsold seats x. Let v,(x) be the maximum
total expected revenue over periods ¢, ..., 7 starting
at state x at the beginning of period t. The optimality
equation is

(DP) v&0=;g%JXMRGKE+WH@—Aﬂ)
- jes

HM@+%M%MJ



o~
&, 1
p—

o
23
=

5 E
© o
RSl
o c
=
©
2
=
@2
23
> 2
O +
o <
=
@ ©
nQ
i
b
58
O ®©
2
£y
32
=
.-QQ-
= C
@ 9
S 3
o2
2 E
T O
o2
o2
T ©
T
1]
0 £
c .2
e

o
==
— O
£ 3

O O
= £
E -
c
[e]
8 e
S =
o O
<E
U,_
©
= C
e o
=
Q35
Z-c
=<

Zhang: An Improved Dynamic Programming Decomposition Approach for Network Revenue Management
Manufacturing & Service Operations Management 13(1), pp. 35-52, ©2011 INFORMS 39

_ Smlgf){g ARSI~ 404091}

+0,,.4(x), Vit x, 1)

where A;v;,;(x) = 0,4 (x) — v, (x — A;) represents the
opportunity cost of selling product j in period ¢.
The boundary conditions are v,,,(x) =0 for all x. In
the above, the set N(x) ={j € N: x > A;} is the set of
products that can be offered when the state is x.

The formulation DP suffers from the curse of dimen-
sionality because the state space grows exponentially
with the number of resources m. Therefore, it is diffi-
cult to solve the model even for moderately sized prob-
lems. The primary focus of the existing research is to
find tractable approximations that are easily solvable.
In the following, we briefly review the choice-based
deterministic linear programming (CDLP) model and
the classical dynamic programming decomposition
approach introduced in Liu and van Ryzin (2008).

3.2. The Choice-Based Linear Program

The (CDLP) model can be viewed as an extension
of the deterministic linear program (see, e.g., Talluri
and van Ryzin 1998, Cooper 2002) for network RM
to the setting with customer choice. The basic idea
is to approximate random discrete quantities with
deterministic continuous quantities. In the formula-
tion, both resources (seats) and demands are viewed
as continuous.

Let S denote the firm’s offer set. Customer demand
flows in at rate . When product set S is offered, prod-
uct j is sold at rate AP;(S) (i.e., a proportion P;(S) of
the demand chooses product j). Let R(S) denote the
revenue from one unit of customer demand when the
set S is offered. Then, R(S) = X ;cs f;P;(S). Note that
R(S) is a scalar. Similarly, let Q;(S) denote the resource
consumption rate on flight i, i =1, ..., m, given that
the set S is offered. Let Q(S) = (Qy(S), ..., Q,.(S) .
(The superscript T is used to denote vector trans-
pose.) The vector Q(S) satisfies Q(S) = AP(S), where
P(S) = (P,(S), ..., P,(S))T is the vector of purchase
probabilities.

Let h(S) be the total time that the set S is offered.
Because the demand is deterministic and the choice
probabilities are time homogeneous, the order in which
different offer sets are used does not matter. Conse-
quently, only the total time that each product set is
offered matters. The objective is to determine the total
time h(S) during which each set S should be offered to
maximize the firm’s revenue. The choice-based deter-
ministic linear program can be written as follows:

(CDLP) zcpip = max > AR(S)h(S)

SCN

> AQ(S(S) =, @)

SCN

Y k() <, ®3)
SCN
h(S)=0, VSCN.

In the above, the constraint (2) is a resource constraint.
(All vector inequalities should be interpreted compo-
nentwise.) The constraint (3) stipulates that the total
time of all product offerings cannot exceed the avail-
able time 7. The dual values associated with the con-
straint (2) can be interpreted as the value of an addi-
tional unit of each resource, which can be used as a
bid-price for the resource or used to construct other
types of heuristics, such as the dynamic program-
ming decomposition that we introduce next. Liu and
van Ryzin (2008) show that the objective value of
CDLP, zcp; p, provides an upper bound on the optimal
expected revenue; i.e., Zcprp > v;(c).

As suggested in Liu and van Ryzin (2008), the for-
mulation CDLP can be extended to consider time-
dependent arrival rates and choice probabilities by
dividing the booking horizon into intervals, each with
constant arrival rates and choice probabilities and
defining the decision variables for each interval sep-
arately. We restrict ourselves to stationary problem
parameters for convenience of presentation.

3.3. The Classical Dynamic Programming
Decomposition

Liu and van Ryzin (2008) introduce a dynamic pro-
gramming decomposition scheme that uses the dual
values 7* on constraint (2) in CDLP. The main idea
is to decompose the network problem that involves
many resources into single-resource problems that are
much easier to solve. Let 7* be the vector of dual val-
ues of the resource constraint in CDLP. Consider the
following approximation for any fixed leg i:

v () 2, () + Y mx, Vi x (4)
ki

In (4), the value of having x; seats in period ¢ on
leg i is approximated by the nonlinear term v, ;(x;),
whereas the value of each seat on leg k is approxi-
mated by 7} for resources k # i.

Using (4) in DP leads to the following dynamic pro-
gram for each leg i:

(DP;) Ut,i(xi) = Sgr\]nax

Xj, C_i)

PLICI R T

ki

= (01,1 (x)) = Oy, i (x; — aij))i| }

+05,:(), Vi X

Here, the vector (x;, c_;) refers to the vector ¢ with
the ith component replaced by x;. The boundary con-
ditions are v, ;(x;) =0 for all x;. Note that the term
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fj — 2kzitim can be interpreted as prorated fare for
leg i, because it reduced the fare f; by the “value” of
seats on other resources.

The dynamic program (DP;) has a one dimensional
state space and therefore dispels the curse of dimen-
sionality faced by (DP). After v, ,(-) is computed for
each i, the value function v,(x) of (DP) can be approx-
imated by v,(x) ~ Y_I", v, ;(x;), which can be plugged
back in the recursion in (DP) to compute an approx-
imate control policy. Therefore, as long as (CDLP)
and (DP;) are efficiently solvable, the above dynamic
programming decomposition can be used to gener-
ate a control policy. Recently, Zhang and Adelman
(2009) show that the approximation (4) leads to an
upper bound, which is tighter than the upper bound
from (CDLP).

ProrosITION 1 (ZHANG AND ADELMAN 2009). The
following relationships hold

1) v(x) < min_y o (x) + Xeamix) <
0y, i(X5) + X T, Vi, X

(ii) v1(c) < vy i(c;) + X Tk < Zeprps Vi

Part (i) in Proposition 1 shows that the dynamic pro-
gramming decomposition produces a statewise bound
for each time period. Part (ii) shows that it produces
a tighter upper bound than (CDLP). According to (4),
the value v,(x) is approximated by the value from leg i
and the values from the other legs. The network effect
is captured purely by the fare proration in (DP;), and
the approximate values v, ;(-) are calculated indepen-
dent of all other legs. Hence, in general, the right-hand
side of (4) is not the same for different resources.

4. A New Dynamic Programming

Decomposition Scheme

In this section, we introduce a novel dynamic pro-
gramming decomposition scheme from a strong func-
tional approximation motivated by the decomposition
bound in Proposition 1. The new functional approxi-
mation leads to a constrained nonlinear optimization
problem that is, in general, very hard to solve. We
show that a restricted version of the problem can be
efficiently solved via a simultaneous dynamic pro-
gramming algorithm. Furthermore, this restricted ver-
sion of the problem produces a tighter upper bound
than the bounds introduced in Proposition 1.

4.1. A Strong Functional Approximation
We first note that (DP) can be written as a linear pro-
gram as follows (see Zhang and Adelman 2009):

(LP) mir]1 v,(c)

V- )ive

v (x) =) APi(S)(f; + vpa (x — Ay))

jes
+ (APy(S) +1 = N)v4 (%),
Vi, x, SC N(x),

where we take v, ;(x) =0 for all x. Note that, in (LP),
the decision variables are the dynamic programming
value functions v,(-) for all . The formulation (LP) is
equivalent to (DP) in the sense that it gives exactly the
same value function when solved to optimality. This
should be contrasted with (CDLP), which results from
a deterministic approximation. Clearly, (LP) involves
many decision variables and constraints, and there-
fore is as difficult to solve as the original formulation
(DP). It can be shown by induction that any feasible
solution to (LP) gives an upper bound for the value
function in (DP).

One strategy to reduce the number of decision vari-
ables is to use a functional approximation for v,( - ). This
approachwas takenby Zhang and Adelman (2009), who
use a linear functional approximation of the form

m
vt(x)zet_i_zvt,ixil Vt/x' (5)

i=1
The set of values {V, .}y, can be interpreted as
dynamic bid-prices because V, ; represents the esti-
mated value of a seat on leg 7 in period ¢. The 6,s are
adjusting constants. The authors develop a solution
strategy for the resulting linear program with decision
variables V, ; and 6,. The classical dynamic program-
ming decomposition approach can be viewed as a
functional approximation approach with the approx-
imation scheme (4), where the decision variables are
{v:,:(*)}ys,;- Note that the approximation (5) is linear

separable, and the approximation (4) is separable.

We introduce another functional approximation
scheme motivated by the decomposition bound in
Proposition 1. Given a vector 7* of resource dual prices
and a collection of single-dimensional value functions
{9:,:(+)}v¢, i, we consider the functional approximation

v,(x) %m'in{ﬁt/,.(xi)+27r,’ka}, Vi, x. (6)
! ki
In the above, 7, ;(x;) is a nonlinear term represent-
ing the value of x; seats on leg i. Observe that the
approximation (6) is nonlinear and nonseparable in
x due to the minimization. The approximation (6) is
able to better capture the network effect, because after
0, ;(-)s are determined for each leg i, the value v,(x)
is approximated by a single minimum across the legs,
whereas in the decomposition in §3.3, the network
effect is only captured through fare proration.
Plugging (6) into (LP), we have

(NLP) zyp=_ r(nin mjn{ﬁlli(ci)+277§ck}

b i(-) Vt,i ki

min{ () + ) Ty }

ki

=D )\Pj(S)(fj + mlin{f)m, 100 — ay) + > 7 (g — ayy) })

jes Kkl
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HOR(S) +1= Amin] 0, 0) + D |,
k2l

Vt,x, SCN(x). (7)

Being a nonlinear program with, potentially, a huge
number of nonlinear constraints, the problem (NLP)
is in general extremely difficult to solve. The primary
difficulty in using strong functional approximations in
approximate dynamic programming is precisely the
difficulty associated with solving the resulting prob-
lem. In the remainder of this section, we focus on
developing an approximate solution procedure for
(NLP). We will show that this solution procedure leads
to tighter bounds and approximations than the solu-
tion in §3.3.

First, observe that the minimization on the left-
hand side of (7) can be removed by writing each con-
straint as m equivalent constraints
By, i(x) + D mix

ki

> Z/\Pj(s)(f,- +mlin{z3t+1,,(xl —ay)+ 7 (X —ay) })

jes k#l

HOR) +1- N minfs,, () + X i,
]

Vi, t,x, SCN(x). (8)

The constraint (8) is still difficult to handle. In the

following, we consider a restriction of (8) that renders

the resulting problem efficiently solvable via a simul-
taneous dynamic programming approach.

By moving the second term on the left-hand side to
the right-hand side, the constraint (8) can be written as

b0 = SARG)( £+ min 61, - )

jes
+ 2 (o — ag) = D T })
Py ket
+(AP(S)+1-1)
: nllin{i’Hl,l(xl) +Y =) W;xk}/
k£l ki
Vi, t,x, SC N(x).
Simplifying the above leads to
by,:(x;) = Y_AP(S) <f] + mlin{ Opia,1 (%, — ay)

jes

* * *
_Wlxl_zwkakj‘l'ﬂ-ixi})

kel
+ (AP)(S) +1—A)

'rnlin{ﬁtﬂ,l(xl) —7x g,

Vi, t,x, SC N(x).

Breaking up the minimization terms on the right-
hand side leads to
by, :(x;) = Y_AP(S) (f; + min{ Oy, i (X — ) — D miay,

jes ki

r?#il],n{ﬁtﬂ, 1 = ay) = (= ay) mf

- Z“k;’”}f"‘ﬁxi”)
k
+(AP(S) + 1= Nyminf,,, ;(x),

nl'l#i}'l{?}tﬂ,l(xl) — X+ W?xi}}’

Vi, t,x, SC N(x).

Next, we restrict the constraint such that, for each
fixed i, the constraint only involves x;, which can be
achieved by taking the maximum over x; for all k # i
for each fixed i. With a little more algebra, this leads to

b;,:(x;) = Y AP(S) <f] +min{i}t+1,i(xi —ay) =Y may,

jes ki

14

min
0=y =c;—a

max ‘[6t+l,l(y1) —yim]
']

S en))
k
+(AP(S) + 1= Nyminfy., ,(x),

min; max [0 — *x}}
nin{ max [0,,1,1(v) — 7yl + 7% ||,

Vi, t,x, SC N(x).

Recognizing that N(x) € N(x;,c_;) with c_; being
the vector ¢ without the ith component, the
above constraint can be further restricted by tak-
ing SC N(x;, c_;) instead of S € N(x). Note that this
is a constraint restriction because for each fixed i,
t, x, replacing N(x) with N(x;, c_;) adds constraints
for all S € N(x;, c_;)\N(x). After this step, we can
remove redundant constraints by replacing x with x;
for each i, because the constraints for each i do not
involve other components of x except x;. For con-
venience of reference, we rewrite (NLP) with the
restricted constraint as

(NLP) Zyp = Min .m‘in{z}lli(ci)—l—Zw,fck}
Oy i(-) Vi i ki

Oy, i(x;) > Z/\Pj(s)<fj + mm{f’m,i(xi —a;) = ) may,

jes ki

min{ max [0 -y
vin{  max (6,00 ~ i)

_Zakjﬂf"‘ﬁxi}})
P
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+(AP(S) + 1= Nyminfy., i(x),

min{ max [,..,,(y) - 7yl + 7%} |,
#i 0=y;=¢

Vi, t,x;, SCN(x;,c_,)- )

From the construction of the restricted constraints,
all feasible solutions to (NLP) are also feasible for
(NLP). The following proposition is a direct conse-
quence of this observation.

PROPOSITION 2. z @y > Znp-

In the next subsection, we introduce a simu/lt\zmeous
dynamic programming approach to solve (NLP). We
will show that the approach leads to an efficient solu-
tion algorithm for the problem (NLP). Furthermore,
the approach also leads to simple inductive proof of
the relationships among different bounds.

4.2. A Simultaneous Dynamic
Programming Approach

The formulation (NITP) is still a nonlinear optimiza-
tion problem with a large number of nonlinear con-
straints. Therefore, a brute-force solution of the prob-
lem is very computationally intensive, if possible at
all. We introduce, in this section, a simultaneous
dynamic programming approach to solve the problem
by exploiting the special structure of the constraints.
We first show the following proposition.

ProrosITION 3. For each feasible solution {0, ;(-)}y, ;
of (ﬁL\P), there exists a feasible solution with equal or
smaller objective value such that equality in (9) holds for
some S, ;(x;) S N(x;, c_;) for each t, i, x;.

Proor. Let {0, ;}y, ; be a feasible solution to (I\TI?P).
Suppose 0, ,;(x;) is strictly greater than the right-hand
side of (9) for all S € N(x;, c_;) for fixed ¢, i, x;. Then,
the solution {9, ;}y, ; can be modified by replacing
0, ;(x;) with

max

(xl —z

T mm

k#i

v:,i(xi) =

TAB) (f] +mm{vt+1 ()
jes

max I[Ut+1 () — ]/1771*]

0<y;<c;—a

— > aym+ w;‘xi} })
k
+(AR(S) +1 = \ymin{ 8., ,(x),
mm{ max [0, ,(y;) —

1#i 0=<y;=¢q

It is easy to check that the new solution is still feasible.
Repeating this procedure for all values in the solu-
tion such that strict inequality holds in (9) yields the
result. [

777%]‘*‘77?9(1'}}-

An immediate corollary for Proposition 3 is the
following.

CoOROLLARY 1. There exists an optimal solution
{0, :(:)}ve,: to (NLP) such that equality holds for some
S i(x;) € N(x;, c_;) for each fixed t, i, x;.

Observe that, by construction, each constraint in
(NLP) only involves x; for one resource i, but not

all other resources. Defme a set of value functions
{0; ()} for all t and i as follows:

(DP)
B0 = max ARG (f+ min - 1)
i) jes
- Z W;“kjr Hll?gl{kgljlx y (0111, (v) — i/

ki
S
k
+(AP(S) + 1= Nymin{8,., ,(x),

miyl+mx) ),

Vi, t,x;

minj max [0
nin{ max [3,,1,(y) -

with boundary conditions 7, ,; ;(x;) =0 for all i, x;.
Next, we establish the equivalence between (NLP)
and (DP). We have the following result:

ProrosiTION 4. There exists an optzmal solution
{0F (v, to (NLP) such that o, l(x) =0} ;(x;) for all
t, i, x, where v, ;(x;) is defined in (DP)

Proor. From Corollary 1, it is without loss of opti-
mality to restrict our attention in (I\TL\P) to opti-
mal solutions such that equalities hold in the con-
straint (9). Let {9} ;(x;)}y; ; denotes such an optimal

solution to (I\TL\P). Then,

6,00 = _max SR f+minf o7, - )

tc—l]s

— Ty a;;, min
> miay, minf

max [Ut+1 1) =yl
k#i j

O=y=c—

o))
k
+(P(S) +1 = )mina7,, ,(x),

1yl +7T;kxi}}
Vi, t,x;. (10)
Comparing (10) with (DP) yields the result. O

i 0;
Iggp{org% [0F41,1 (1) =

Because of the equivalence of 7, ;(x;) in (ﬁ’) and
o} i(x;), we will only use 9;,(x;) in the remainder
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of the paper. Proposition 4 shows that it suffices to
solve (DP) instead of (NLP) The formulation (DP)
involves m single-resource dynamic programs that
need to be solved simultaneously because the opti-
mality equation for 9; ;(x;) involves 0}, ;(x;) for all x
and k=1,...,m.__

Even though (DP) is considerably simpler to solve
than (l\ﬁjP), it is potentially much more computation-
ally intensive than the dynamic programming decom-
position presented in §3.3. In particular, (DP) involves
many inner minimization and maximization opera-
tions that could potentially expend heavy computa-
tional effort. However, this computational effort can
be substantially reduced by precomputing in each

period G; ; and G{ ; where
G} ;= max [v“(x) xw], Vi, i,
! 0=x;=<c;—a;
t )
G;; = max [0} (x;) —x;m], Vi, i
0<x;<c;
Note that
+ A .
Gt,i = maX{Gr,i/ ’Ur,i(ci) - C17T;k}/ Vt/ i,

which can be used to further reduce the computa-
tional cost. Our numerical study shows that this sim-
plification can reduce computational time by 20 times
compared with a naive implementation, and therefore
is key to any practical implementation.

4.3. Comparison of Bounds

Recall that {v; ;(-)}y;; are the value functions from
the dynamic programming decomposition in §3.3. We
show that the bounds from (NLP) are tighter than
the decomposition bound in Proposition 1 originally
shown in Zhang and Adelman (2009).

ProrosITiON 5. The following results hold:

(1) 73?,1'(951‘) <o (x;), Vi, x; o

'(11) 01(¢) < zZnip < Zypp = MINA 0} ;(¢;) + Xy TC) <
min,{v; ;(¢;) + Xz Tk} < Zeprp-

Proor. (i) The proof follows by induction on time ¢
for each state x. Fix i. Because 9%, ;(x;) =0, ;(x;) =0
for each x;, the inequality holds trivially for time 741.
Now, suppose that the inequality holds for f +1, i.e.,

Oppq, (X)) S 0ppq,i(x3), VY.
For each state x;, we have

Ut 1(.7()

< max ZAP(S)(J‘]+mm{vt+ll(x

SEN(x;,c) jes

zj) —Zﬁfukj/

keti

min max v i
vin{ max (01,00 ~ 7]

— > aym; +7Ti*xi}}>
P

+(AP(S) + 1= Nyminfo,,, ;(x),

myl+ )|

min{ max [0, ,(y;) —

1#i L0<y;=<¢
< somax Y _AP(S) (f] + O, i (X — 1) =D W:“kj)
(xi,c-4) jes P
+ (AR (8) +1 = Ay, 1(x7)
= [ Z o]~ S - )

jes ki

— Uy, i(X — aij)):| } + Vp,i(X7)

=0;,;(x;).

In the above, the first inequality follows from the
formulation (ﬁ’) and the inductive assumption; the
second inequality follows by taking the first term in
each minimization on the right-hand side, and the last
equality follows from (DP;).

(ii) The first inequality follows because an optimal
solution to (NLP) is a feasible solution to (LP); the
second inequality is from Proposition 2; the equal-
ity is from Proposition 4, and the third inequality
follows from Part (i). The last inequality is from
Proposition 1. 0O

Part (i) in Proposition 5 implies that the separa-
ble approximation Y, 0j ;(x;) is tighter than the sep-
arable approximation }_; v; ;(x;). Even though we are
unable to establish analytically such separable approx-
imations as either upper bounds or lower bounds on
v,(x), we do observe in all our numerical examples
that 3°; vy ;(c;) = 35, 07 ;(c;) = min {07 (c;) + X T i)
Therefore, for practical purposes, ;0 ;(c;) can be
viewed as a tighter approximation than }; v, ;(c;) for
the total expected revenue v;(c).

Before we move on, we would like to make some
comments on the use of the nonlinear nonseparable
approximation (6). Note that all our results carry over
for time-dependent bid-price vectors. Although we
propose the use of 7* from (CDLP) in (6), we can also
use dynamic bid-prices V/*; from Zhang and Adelman
(2009). The main disadvantage is that the computa-
tion of V/*;, as shown in Zhang and Adelman (2009),
can be quite computationally intensive.

It is also possible to consider more general func-
tional approximations. Meissner and Strauss (2009)
consider inventory-sensitive bid-prices where the
inventory level x; for each resource can be divided
into several ranges and a different bid-price value is
used for each inventory range. In the most general
case, each unit of inventory is associated with a dif-
ferent bid-price value, which is equivalent to the sep-
arable functional approximation v,(x) = >, w, ;(x;),
Vt,i,x, for a set of value functions {w, ;(-)}y; ;. This
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approximation is very appealing because it directly
corresponds to the separable approximation used to
generate control policies. The main disadvantage of
the approach is its computational cost, which is at
least as expensive as the linear functional approx-
imation approach in Zhang and Adelman (2009).
Meissner and Strauss (2009) consider inventory aggre-
gation where inventory levels are divided into ranges
and one value is used for each range. They further
point out that it is possible to combine inventory
aggregation and time aggregation to achieve addi-
tional reduction in computational cost, which is a
potentially interesting topic for future research.

The main advantage of our approach in this paper
lies in its relatively low computational cost. In fact,
its computational time requirement is only slightly
higher than that of the decomposition approach
in §3.3, as will be shown in our numerical study.

5. Heuristic Policies

In this section, we introduce heuristic policies from
(I\TL\P) (or equivalently (ﬁ’)). For comparison pur-
poses, we also consider policies from (CDLP) and
the classical dynamic programming decomposition in
§3.3. For our computational study, we consider the
MNLD choice model (Liu and van Ryzin 2008).

5.1. MNLD Choice Model

In MNLD, each customer is interested in a subset
of the products. Let L ={1,...,1} be the set of cus-
tomer segments. We assume that customer segment
I € L has consideration set N, € N. We assume V1, #1,,
N, NN,=g; ie, different customer segments have
disjoint consideration sets.

Within each segment, customer choice follows a
multinomial logit (MNL) model. Under MNL, the
choice probability can be defined by a vector of
weights, which are also referred to as preference val-
ues. To completely specify the choice probabilities,
we need to specify the preference value v for I €
L, j € N, and the no-purchase value vy for I € L. In
general, a choice set S can also be represented by
an availability vector. Given a choice set S, we use
a binary vector u;(S) to denote the product avail-
ability for segment [ such that u,(S) = 1{k € S} for
all k € N,. For convenience, we use vector and set
notations interchangeably. Then, the probability a seg-
ment [ customer purchases product j € N; is Ej(S) =
i (S) 0y / [Xken, Ui (S) vy + 0]

To accommodate the MNLD choice model in the
framework of §3, we assume that an arriving cus-
tomer first chooses his relevant segment, and then
chooses products within the given segment. In partic-
ular, we assume the probability that an arriving cus-
tomer belongs to segment [ is A;/A, where ) ;A; = A.
It then follows that, for j € N, P(S) = A,P;(S)/A.

Liu and van Ryzin (2008) show that, for each fixed
time t and state x, the maximization in (DP) is effi-
ciently solvable. Furthermore, (CDLP) can be effi-
ciently solved using a column generation procedure.
Their work builds on the earlier work of Talluri and
van Ryzin (2004a) and Gallego et al. (2004). Because
the maximization for each fixed t and state x in (ﬁ’)
has the same structure as in (DP), the maximiza-
tion in (DP) is also efficiently solvable for the MNLD
choice model.

5.2. DCOMP1

In this subsection, we introduce a heuristic pol-
icy from the solution of (ﬁ’) Recall that the solu-
tion is denoted by {0;,(-)}y; Consider the separa-
ble approximation v;(x) ~ 3, 0} ;(x;), Vt, x. Then, the
opportunity cost of selling product j in period t for
x > A is given by

Ajvra () = vy (%) = v (x — AJ’)

~ Z ﬁ?+1,i(xi) - Z 622-1, i — aij)
i i
= Ajvp (%)

By replacing A;v,,,(x) in (DP) with Ajvt 41(x) for all j,
an offer set in period ¢ can be computed by taking

S(x) e argmax Y AP/(S)[f; — A;0,5 (¥)].
SEN(x) jes

A heuristic policy that offers the product set $r(x) in
period t and state x is called DCOMP1 in our numer-
ical study. Note again that the maximization above
can be solved efficiently for the MNLD choice model
by a ranking procedure (see Liu and van Ryzin 2008,
Proposition 6).

5.3. CDLP

Let 7* be the vector of dual values corresponding to
the resource constraints in (CDLP). In our numerical
study We call the policy that approximates A;v;(x)
with }; 77a; for each j for all t and x > A; CDLP.
Note that product j will not be offered when x; < a;;
for some i. Unlike bid-price policies for independent
demand models (Talluri and van Ryzin 1998), the
offer set from CDLP in general depends on the vec-
tor 7%, and it is possible that a product j with p; >
> ia;m may not be offered. CDLP has the lowest
computational cost in the policies we test in this paper
because, unlike the decomposition-based approaches,
it does not involve the computation of dynamic pro-
gramming value functions. One way to improve the
performance of policies from static approximations
such as CDLP is to resolve the static model, taking
into account changes in the capacity and remaining
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time. In our numerical study, we also consider ver-
sions of CDLP where the bid-prices are updated mul-
tiple times by resolving throughout the time horizon.
We note that, in general, resolving does not neces-
sarily improve the performance of the policy (Cooper
2002, Secomandi 2008).

54. DCOMP

Alternatively, the dual values 7* can be used in the
dynamic programming decomposition approach out-
lined in §3.3. The resulting solution {v, ;(-)}y; ; can
be used in place of {0} ;(-)}y;; in an approximation
approach as in §5.2. This approach is the decomposi-
tion heuristic proposed in Liu and van Ryzin (2008)
and is called DCOMP in our numerical study.

6. Numerical Study

In this section, we report results from a numerical
study that investigates the revenue and computa-
tional performance of the policy DCOMP1 introduced
in §5.2. The performance of DCOMP1 is compared to
three other policies:

* DCOMP: The classical dynamic programming
decomposition (§§3.3 and 5.4);

* CDLP: The policy based on the dual values of
resource constraints in the choice-based deterministic
linear program (§5.3);

¢ CDLP10: A version of CDLP that resolves
10 times with equally spaced resolving intervals.

6.1. Computational and Bound Performance

6.1.1. Description of Test Instances. To study the
computational and bound performance, we randomly
generate 16 hub-and-spoke network instances. The
instances are labeled Al to A16. We vary the number
of periods 7 in the set {100, 200, 400, 800}. We consider
networks with 4, 8, 16, and 24 nonhub locations. See
Figure 1 for a hub-and-spoke network with 4 nonhub
locations. Half of the nonhub locations each have one
flight to the hub and the other half each have one flight
from the hub. Local itineraries are trips to or from
the hub. Customers can also travel between nonhub
locations with flights to the hub and nonhub locations
with flights from the hub. Itineraries between non-
hub locations are called through itineraries. For each
itinerary (local or through itinerary), there are two
fare products with different fares. The largest problem
instance we consider has 24 nonhub locations and 336
fare products, representing a fairly large network.

Next, we briefly describe the method used to gen-
erate fares and choice parameters. The fares for local

Figure 1 Hub-and-Spoke Network with Four Locations

itineraries to the hub are generated by adding 100
to a truncated normal random variable with mean
800 and standard deviation 400, whereas the fares
for local itineraries from the hub are generated by
adding 50 to a truncated normal random variable
with mean 400 and standard deviation 200. Each
through itinerary fare is 0.95 times the sum of the
fares of the two local itineraries it covers. The choice
weight for each product is generated from uniform
[1,6]. The choice weights for no-purchase is chosen
such that no-purchase probability is 1/3 when all
products are available for purchase. The parameter
A\, =0.5U,/ ¥, Uy, where Us are independent uni-
form [0, 1] random variables.

Table 1 shows more details of the test instances Al
to Al6. The parameters column shows the number of
periods, the number of nonhub locations, the number
of flights, and the number of fare products. For exam-
ple, for the test instance A16, there are 800 periods,
24 nonhub locations, 24 flights, and 336 fare products.
Capacity per leg shows the number of seats available
for each flight. The load factor column shows the load
factor as defined by

p= AYi D jest i a;;P;(5%)
PR

with §* € argmaxgy 3 ;s P;(S)f; being the revenue-
maximizing set of open products when there is ample
capacity of each resource. The definition of load factor
in (11) follows Zhang and Adelman (2009). Note that
in the no-choice setting S* is the set of all products
and the load factor defined in (11) is the same as the
one commonly used in the literature.

(11)

6.1.2. Computational Time. Table 1 shows the
CPU seconds for problem instances Al to A20. The
code is implemented in MATLAB version R2009a and
runs on a desktop with Intel Core Quad CPU Q6600
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Table 1 CPU Seconds for CDLP, DCOMP, and DCOMP1 in Hub-and-Spoke Test Cases
CPU seconds

Case # Parameters Capacity per leg Load factor CDLP DCOMP DCOMP1 (DCOMP1 — DCOMP)/DCOMP (%)
Al (100,4,4,16) 10 1.17 0.16 2.03 2.75 35.38

A2 (200, 4,4,16) 20 1.27 0.23 7.89 10.88 37.82

A3 (400, 4, 4,16) 40 1.19 0.16 31.92 43.73 37.00

Ad (800,4,4,16) 80 1.28 0.20 127.66 174.48 36.68

A5 (100, 8, 8, 48) 5 1.43 1.52 5.75 7.47 29.89

A6 (200, 8, 8, 48) 10 1.36 0.72 22.83 29.58 29.57

A7 (400, 8, 8, 48) 20 1.35 1.61 91.67 118.92 29.73

A8 (800, 8, 8, 48) 40 1.21 0.72 362.84 471.73 30.01

A9 (100, 16, 16, 160) 2 1.65 4.64 15.09 19.42 28.67

A10 (200, 16, 16, 160) 5 1.45 4.69 75.84 96.97 27.85

Al1 (400, 16, 16, 160) 10 1.29 2.92 303.66 388.97 28.10

A12 (800, 16, 16, 160) 20 1.40 3.64 1,218.67 1,560.19 28.02

A13 (100, 24, 24, 336) 1 1.45 3.69 24.72 31.81 28.70

Al4 (200, 24, 24, 336) 2 1.35 459 98.52 127.36 29.28

A15 (400, 24, 24, 336) 5 1.29 4.39 492.73 630.84 28.03

A16 (800, 24, 24, 336) 10 1.38 4.23 1,978.14 2,532.20 28.01

Note. The Parameters column shows the number of periods, the number of nonhub locations, the number of flights, and the number of fare products.
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2.4 GHz and 8 GB memory. The operating system is
Windows XP Professional 64 bit. We report the com-
putational time for CDLP, DCOMP, and DCOMP1.
Note that for this set of problems, CDLP can be solved
to optimality very quickly, in less than five seconds
for all instances. From a computational perspective,
this is very appealing compared with the other two
methods, DCOMP and DCOMP1.

We are primarily interested in the comparison
between DCOMP and DCOMP1. The last column in
Table 1 reports the time increase of DCOMP1 com-
pared with DCOMP. On average, DCOMP1 takes 30%
more time to solved than DCOMP. The added com-
putational cost is mainly from finding the values of
G; and G!. Although DCOMP1 is more computation-
ally intensive, it is still feasible for reasonably large
problems. Among the instances we considered, the

largest instance A16 with 24 locations and 336 prod-
ucts takes about 43 minutes to solve using DCOMP1.
Note that we do not claim the most efficient imple-
mentation, but are mainly interested in the comparison
of the two methods. More efficient implementation of
the methods are possible with a lower-level program-
ming language and through parallel computing. Note
that because the subproblems in DCOMP are indepen-
dent from each other, it can be easily implemented
through parallel computing, whereas the implemen-
tation of DCOMP1 can be more involved because the
subproblems need to exchange information in the solu-
tion process.

6.1.3. Bounds. Table 2 reports the bounds for
problem instances Al to A16. We report three bounds:
the CDLP objective value, the decomposition bound

Table2  Comparison of Bounds in Hub-and-Spoke Test Cases
Bound improvement (%) %-difference across legs (%)

Case # CDLP bound DCOMP bound DCOMP1 bound %-CDLP %-DCOMP DCOMP DCOMP1
Al 24,078.90 23,985.56 22,900.49 5.15 474 4.46 0.00
A2 48,367.58 48,328.43 47,588.56 1.64 1.55 1.87 0.36
A3 89,312.44 87,576.49 86,729.90 2.98 0.98 2.36 0.00
A4 213,102.50 211,854.85 211,087.37 0.95 0.36 0.58 0.00
A5 32,521.30 31,029.90 30,726.17 5.84 0.99 3.18 0.05
A6 70,541.63 68,760.67 68,617.41 2.80 0.21 2.18 0.22
A7 107,831.01 106,339.36 106,153.32 1.58 0.18 1.09 0.00
A8 216,080.83 212,915.61 212,848.05 1.52 0.03 1.49 0.00
A9 26,347.76 24,953.24 24,764.75 6.39 0.76 4.69 0.00
A10 60,629.35 58,489.12 58,118.33 4.32 0.64 2.95 0.03
A1 101,616.47 100,069.27 99,771.63 1.85 0.30 1.52 0.01
A12 224,780.69 222,558.53 222,231.72 115 0.15 0.94 0.00
A13 13,074.04 11,845.73 10,386.38 25.88 14.05 10.37 0.00
Al4 26,296.19 24,926.41 24,373.33 7.89 2.27 5.50 0.00
A15 74,112.13 72,089.14 71,617.55 3.48 0.66 2.80 0.03
A16 131,457.79 129,589.28 129,273.91 1.69 0.24 1.44 0.00
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from DCOMP, and the decomposition bound from
DCOMP1. The bound improvement column shows
the percentage difference between DCOMP1 bound
and the other two bounds. First note that both decom-
position bounds are better than the CDLP bound. In
particular, the DCOMP1 bound can be 25% smaller
than the CDLP bound for problem instance A13 with
capacity per leg of 1. Furthermore, the DCOMP1
bound is tighter than the DCOMP bound, confirm-
ing our theoretical results. Although DCOMP bound
and DCOMP1 bound are fairly close in most problem
instances, the DCOMP1 bound can be 14% smaller
than the DCOMP bound for problem instance A13
with capacity per leg of 1. On average, DCOMP1
bounds are 4.69% and 1.76% tighter than the CDLP
and DCOMP bounds in this set of problem instances.
This suggests that the DCOMP1 bound is a bet-
ter benchmark in computational studies. Note that
the load factors are similar for this set of problem
instances. Therefore, load factor alone cannot explain
the difference among the different bounds.

Because both the DCOMP bound and DCOMP1
bounds are taken to be minimum across all legs for
each problem, the value 97 ;(c;) 4+ >4 7, is also an
upper bound for each leg i. In general, the values
from different legs are different. To measure the vari-
ability of the values across legs, we report the max-
imum percentage difference across legs for DCOMP
and DCOMP1 in the last column of Table 2. For exam-
ple, the maximum percentage difference across legs
for DCOMP1 is given by

max {05 ;(c;) + Xy i€} —ming {07 ;(c;) + Xps miCi )
min {97 ;(¢;) + X TiCk)

x100%.

Observe that the values from different legs can be
substantially different for DCOMP, with the aver-
age relative difference of 2.96%. On the other hand,
DCOMP1 values from different legs are much closer,
with an average relative difference of 0.04% across
legs. In this sense, DCOMP1 values are more homo-
geneous, which is a nice property to have.

6.2. Policy Performance

The performance of different policies are evaluated
through simulation. In our computer implementation,
arrival and choice processes in each period are con-
structed from a uniform [0, 1] random variable U.
Given an offer set S C N, a unit of product j is sold
in the given period if A YJ_} P,(S) < U < A Y}, P,(S).
There are no sales in a period if U > AY_;_; P,(S). We
randomly generated 20,000 demand streams where
each demand stream contains a random variable for
each period. These 20,000 demand streams are used in
the simulation for all problem instances we consider.

6.2.1. Hub-and-Spoke Network with Two Non-
hub Locations. We first consider a hub-and-spoke
network with two nonhub locations. There are two
fare products for each local itinerary and two fare
products for the through itinerary. So, in total there
are six products. The definition of segments and prod-
ucts are described in Tables 3 and 4. We then vary
the number of periods 7 in the set {100, 200, 400,
800}. We also vary the capacity per leg to generate
cases with different load factors. In all, we consider
20 cases with different time horizons and load fac-
tors, which are labeled Bl to B20. Table 5 reports the
results for the 20 cases considered in our simulation.
The revenues reported are averages over 20,000 sim-
ulations. With very few exceptions, the relative error
(measured by half width of 95% confidence interval
divided by the mean) is less than 0.3%, with a maxi-
mum relative error of 0.8%. This shows that the simu-
lation is accurate enough for our purpose because the
magnitude of the error is far less than the relative per-
formance gap reported for the different policies we
consider in the study. The DCOMP1 bound column
reports the revenue bounds from Proposition 5, which
is used as the benchmark in our study. The OPT-GAP
column in the table reports the optimality gap of the
policy DCOMP1, which is calculated as (DCOMP1
REV — DCOMP1 Bound)/(DCOMP1 Bound) x 100%.
The results show that DCOMP1 performs quite well
with an optimality gap of less than 5% in the major-
ity of problem instances. There are a few cases where
the optimality gap is more than 5%. However, we
note that the gap is measured against a theoretical
upper bound. The last three columns measure the
revenue gains of DCOMP1 against CDLP, CDLP10,
and DCOMP.

Table 3 Segments in Hub-and-Spoke Network with
Two Nonhub Locations

/ A N, Vio

1 0.12 {1,2} 1.62
2 0.04 (3,4} 2.68
3 0.09 {5, 6} 4.00

Table 4 Products in Hub-and-Spoke Network with
Two Nonhub Locations

j f 7 A
1 621.91 1.83 [10]
2 133.00 141 [10]
3 936.10 3.64 [01]
4 525.89 1.73 [01]
5 1,480.11 5.62 [11]
6 625.94 2.38 [11]
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Table 5 Simulation Results for Hub-and-Spoke Network with Two Nonhub Locations

DCOMP1 revenue gains (%)
Load Capacity

Case# r factor perleg CDLPREV CDLP10REV DCOMP REV DCOMP1 REV DCOMP1 bound OPT-GAP (%) %CDLP %CDLP10 %DCOMP
B1 100 240 4 2,041.49 5,320.27 5,621.55 5,775.47 5,964.48 -3.17 182.90 8.56 2.74
B2 200 213 9 428130  12,542.84  12,739.75 13,262.92 13,538.51 —2.04 209.79 5.74 411
B3 400 213 18 25,714.80  25,540.14  25,448.01 25,456.41 27,236.23 —6.53 -1.00 -0.33 0.03
B4 800 2.13 36 17,242.49  51,666.33  50,338.88 53,946.59 54,599.61 -1.20 212.87 4.41 717
B5 100 1.60 6 5,396.36 7,800.48 8,027.36 8,034.27 8,661.98 —7.25 48.88 3.00 0.09
B6 200 1.60 12 15,269.14  16,713.44  16,372.88 17,318.40 17,727.87 —2.31 13.42 3.62 5.77
B7 400 1.60 24 8,610.58  33,854.61  32,852.85 35,472.06 35,919.34 -1.25 311.96 4.78 7.97
B8 800 1.60 48  46,157.80  68,704.48  65,619.10 65,618.95 72,267.91 -9.20 4216 —4.49 0.00
B9 100 1.37 7 8,183.45 9,147.58 9,093.38 9,269.56 9,845.49 —5.85 13.27 1.33 1.94
B10 200 1.28 15 17,836.09  20,320.91 19,608.36 20,521.01 21,308.99 -3.70 15.05 0.98 4.65
B11 400 1.28 30  36,785.29  41,760.28  39,273.65 42,471.91 43,382.17 -2.10 15.46 1.70 8.14
B12 800 1.28 60  75,209.11 84,766.35  82,297.72 86,841.58 87,848.39 -1.15 15.47 2.45 5.52
B13 100 1.07 9 10,795.78  11,055.57  11,069.36 11,107.51 11,297.66 —1.68 2.89 0.47 0.34
B14 200 1.07 18 22,195,565  23,007.13  23,242.32 23,268.75 23,456.05 —0.80 4.84 1.14 0.11
B15 400 1.07 36 39,166.15  46,785.95  47,807.99 47,824.97 47,956.30 -0.27 22.11 2.22 0.04
B16 800 1.07 72 89,878.19  94,964.14  96,987.90 96,993.79 97,067.36 —0.08 7.92 2.14 0.01
B17 100 0.96 10 9,5673.53  11,683.40  11,832.66 11,854.02 11,955.46 —0.85 23.82 1.46 0.18
B18 200 0.91 21 24,618.37  24,950.34  25,248.58 25,259.70 25,278.33 —0.07 2.61 1.24 0.04
B19 400 0.91 42 39,638.90  50,346.34  51,589.78 51,593.10 51,575.10 0.03 30.16 2.48 0.01
B20 800 0.91 84  79,396.81 101,731.96 104,375.64 104,376.37 104,361.48 0.01 31.46 2.60 0.00
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In our numerical study, we also tried more frequent
resolving of CDLP, but did not find significant rev-
enue improvement. The results show that DCOMP1
outperforms CDLP10 and DCOMP in the majority
of test cases; it generates revenue gains as high as
8% compared with both CDLP10 and DCOMP. The
performance of DCOMP1 is remarkable considering
the fact that DCOMP is often viewed as one of the
strongest heuristics available for network RM. A com-
parison with CDLP10 shows that DCOMP1, even
without resolving, beats a frequently resolved version
of CDLP policies from the choice-based deterministic
linear program. Because resolving is not always desir-
able in practice, this property makes DCOMP1 par-
ticularly appealing. The revenue gains of DCOMP1
tend to be larger in cases where the load factors
are medium or high. This is, to some extent, not
surprising because when the load factors are low,
using revenue-maximizing sets would tend to work
well and the value of more accurate dynamic con-
trol diminishes. It is also noteworthy that the perfor-
mance lifts against DCOMP are achieved in several
cases with relatively long time horizon. This suggests
the potential of DCOMP1 in relatively large realistic-
sized problems. Table 6 reports the empirical load fac-
tors, which are calculated as (average capacity units
sold/total network capacity) over the 20,000 simu-
lation runs. It is interesting to note that DCOMP1
has higher empirical load factors than DCOMP and
CDLP10 in almost all test cases.

Table 7 shows the performance of various bounds
for the test cases B1-B20. DCOMP1 bound can be

substantially tighter than CDLP bound, with a max-
imum difference of 8.57%. The difference between
the DCOMP1 bound and DCOMP bound is rela-
tively small, with a maximum difference of 0.91%.
Therefore, even when the bounds are close, there
can be substantial performance difference in poli-
cies between DCOMP and DCOMP1. We conjecture
that this is due to the fact that DCOMP1 generates

Table 6  Empirical Load Factors for Simulated Test Instances

B C
Case CDLP CDLP10 DCOMP DCOMP1 CDLP CDLP10 DCOMP DCOMP1

027 088 094 096 070 082 082 0.82
025 092 094 097 050 084 084 0.85
095 094 094 094 075 086 085 0.85
026 095 093 099 052 087 087 0.87
0.63 087 090 090 051 079 079 0.80
0.82 093 092 096 072 081 080 0.82
019 094 092 098 061 083 081 0.81
0.68 095 092 092 083 084 084 0.84

9 075 088 0.88 089 073 077 076 0.78
10 077 091 089 092 076 079 077 0.80
11079 093 089 095 078 081 0.78 0.82
12081 094 092 097 048 082 0.80 0.82
13 082 083 083 083 073 074 072 0.73
14 084 086 087 087 076 077 0.76 0.76
15 070 087 0.90 090 075 079 0.78 0.78
16 085 089  0.91 091 079 080 0.80 0.80
17 062 079 0.80 080 068 071  0.69 0.70
18 080 081 0.82 082 071 073 072 0.72
19 061 081 084 084 072 074 074 0.74
20 0.61 082 085 08 073 075 075 0.75
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Table 7

Bounds for Hub-and-Spoke Network with Two Nonhub Locations

Bound improvement (%) % Difference across legs (%)

Case # CDLP bound DCOMP bound DCOMP1 bound %-CDLP %-DCOMP DCOMP DCOMP1
B1 6,099.91 5,964.48 5,964.48 2.27 0.00 1.35 0.55
B2 13,679.92 13,538.51 13,538.51 1.04 0.00 0.64 0.19
B3 27,359.84 27,236.23 27,236.23 0.45 0.00 0.26 0.02
B4 54,719.69 54,599.61 54,599.61 0.22 0.00 0.12 0.00
B5 9,060.13 8,661.98 8,661.98 4.60 0.00 3.81 3.38
B6 18,120.25 17,727.87 17,727.87 2.21 0.00 1.90 1.56
B7 36,240.50 35,919.34 35,919.34 0.89 0.00 0.74 0.56
B8 72,481.01 72,267.91 72,267.91 0.29 0.00 0.22 0.13
B9 10,540.24 9,845.49 9,845.49 7.06 0.00 6.11 5.81
B10 22,560.58 21,308.99 21,308.99 5.87 0.00 5.51 5.28
B11 45,121.16 43,382.17 43,382.17 4.01 0.00 3.88 3.73
B12 90,242.33 87,848.39 87,848.39 2.73 0.00 2.66 2.59
B13 12,266.02 11,400.82 11,297.66 8.57 0.91 3.69 0.12
B14 24,532.03 23,594.66 23,456.05 4.59 0.59 2.11 0.03
B15 49,064.06 48,104.32 47,956.30 2.31 0.31 1.26 0.00
B16 98,128.12 97,172.28 97,067.36 1.09 0.11 0.78 0.00
B17 12,887.93 11,971.65 11,955.46 7.80 0.14 5.59 0.44
B18 26,397.76 25,278.35 25,278.33 4.43 0.00 4.03 0.75
B19 52,795.52 51,575.10 51,575.10 2.37 0.00 2.31 0.52
B20 105,591.04 104,361.48 104, 361.48 1.18 0.00 1.18 0.27

decomposition values that are more homogeneous
across legs, which leads to more consistent marginal
value estimates used in policy generation.

6.2.2. The Effect of Reoptimization. To investi-
gate the robustness of the policy DCOMP1, we briefly
discuss cases where DCOMP and DCOMP1 are
resolved a few times throughout the selling horizon.
For this purpose, we consider all problem instances

Tahle 8

B1-B20. We conduct 5,000 simulations where the
policies DCOMP and DCOMP1 are resolved five
times over equally spaced time intervals. Note that
simulations with resolving take considerably longer
to finish because, in each simulation run, we need
to resolve each policy five times, which is fairly time
consuming. Table 8 reports the results with resolving,
together with no resolving. With very few exceptions,

The Effect of Resolving for Hub-and-Spoke Network with Two Nonhub Locations

DCOMP (R)
%-DCOMP (%)

Case # DCOMP REV REV

DCOMP1 REV REV

DCOMP1 (R)
%-DCOMP1 (%)

%-DCOMP (R) (%)

B1 5,621.55 5,568.54 —0.94 5,775.47 5,760.51 —0.26 3.45
B2 12,739.75 12,664.63 —-0.59 13,262.92 13,183.14 —0.60 4.09
B3 25,448.01 25,469.71 0.09 25,456.41 26,115.88 2.59 2.54
B4 50,338.88 51,385.01 2.08 53,946.59 53,812.38 -0.25 472
B5 8,027.36 8,079.66 0.65 8,034.27 8,180.23 1.82 1.24
B6 16,372.88 16,634.09 1.60 17,318.40 17,129.15 —1.09 2.98
B7 32,852.85 33,680.46 2.52 35,472.06 35,297.77 —0.49 4.80
B8 65,619.10 68,453.46 4.32 65,618.95 70,739.69 7.80 3.34
B9 9,093.38 9,226.55 1.46 9,269.56 9,356.85 0.94 1.4
B10 19,608.36 20,346.09 3.76 20,521.01 20,576.99 0.27 113
B11 39,273.65 41,713.03 6.21 42,471.91 42,542.27 0.17 1.99
B12 82,297.72 84,989.90 3.27 86,841.58 86,913.42 0.08 2.26
B13 11,069.36 11,148.23 0.7 11,107.51 11,188.71 0.73 0.36
B14 23,242.32 23,274.36 0.14 23,268.75 23,326.46 0.25 0.22
B15 47,807.99 47,772.67 -0.07 47,824.97 47,828.07 0.01 0.12
B16 96,987.90 97,030.05 0.04 96,993.79 97,070.21 0.08 0.04
B17 11,832.66 11,876.92 0.37 11,854.02 11,895.88 0.35 0.16
B18 25,248.58 25,250.30 0.01 25,259.70 25,262.40 0.01 0.05
B19 51,589.78 51,552.76 —0.07 51,593.10 51,557.64 -0.07 0.01
B20 104,375.64  104,455.64 0.08 104,376.37  104,457.30 0.08 0.00
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Table 9 Segments in Hub-and-Spoke Network with

Four Nonhub Locations

rather robust. In fact, resolving does not improve rev-
enue in all problem instances. In cases where resolv-
ing helped, the revenue gain is minimal. In addi-

: i i o tion, DCOMP1 with resolving beats DCOMP with
1 0.10 {1,2) 2.88 resolving.
2 0.05 {3, 4} 4.66
3 0.02 {5, 6} 3.91 6.2.3. Hub-and-Spoke Network with Four Non-
4 0.10 (7,8} 3.77 hub Locations. We next consider a larger hub-and-
(55 88‘2 {{191 1102}} g‘:’g spoke network with four nonhub locations. The
7 0.01 113.14) 317 instance is generated similar to instance Al-A16.
8 0.14 {15,16) 1.99 There are four local itineraries and four through
itineraries. There are two fare products for each
Table 10 Products in Hub-and-Spoke Network with itinerary. So, in total there are 16 fare products. The
Four Nonhub Locations definition of segments and products are described in
| f , A Tables 9 and 10. We then vary the number of peri-
ods 7 in the set {100, 200, 400, 800}. We also vary

1 1,083.22 2.54 (1000] the capacity per leg to generate cases with different

g Hg;g ggg HJ ? g 8} load factors. In all, we consider 20 cases with differ-

4 '885.98 373 (0100] ent time horizons and load factors, which are labeled

5 112.61 3.55 [0010] C1 to C20. Table 11 reports the results for the 20 cases

6 449.49 4.21 (0010] considered in our simulation. The revenues reported

! 225.33 1.71 (0001 are averages over 20,000 simulations. For all statistics

8 705.00 5.83 [0001] ; ;

9 1.136.04 184 [1010] reported, the relative error (measured by half width
10 1,539.65 3.23 [1010] of 95% confidence interval divided by the mean) is
11 1,243.12 113 [1001] less than 0.3%.

1% H%gg g;} E] ? ? 8} The results show that DCOMP1 outperforms
14 1.268.69 336 [0110] CDLP10 and DCOMP in the majority of test cases.
15 1,277.30 1.95 [0101] The performance gains compared with both CDLP10
16 1,511.43 2.03 (0101] and DCOMP are smaller than for case B1-B20, but

the relative error (measured by half width of 95%
confidence interval divided by the mean) is less than
0.3%, with a maximum relative error of 0.6%. The
results show that the performance of DCOMPI1 is

are still quite significant. Averaged over the 20 cases,
it generates revenue gains of 0.63% compared with
CDLP10 and 1.07% compared with DCOMP. We note
that in cases with low load factors, the performance
gaps are quite small, which is consistent with our

Table 11 Simulation Results for Hub-and-Spoke Network with Four Nonhub Locations
) DCOMP1 revenue gains (%)
Load Capacity
Case# r factor perleg CDLPREV CDLP10REV DCOMP REV DCOMP1 REV DCOMP1 bound OPT-GAP (%) %CDLP %CDLP10 %DCOMP
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C1 100 1.99 6  14,655.87  16,719.25  16,778.72 16,795.66 17,693.73 —5.08 14.60 0.46 0.10
G2 200 1.99 12 22,926.70  34,359.44  34,570.95  35,028.96 35,974.27 —2.63 52.79 1.95 1.32
C3 400 1.99 24 62,453.81  70,242.02  70,141.74 70,163.84 72,596.09 -3.35 12.35 0.1 0.03
C4 800 1.99 48 94,49493 141,995.52 142,983.63  143,921.85 145,870.04 —1.34 52.31 1.36 0.66
G5 100 1.49 8 1512042  21,491.92  21,439.80 21,860.34 22,826.37 —4.23 44 .57 1.7 1.96
C6 200 1.49 16 39,560.47  44,406.50  43,998.33  45,171.83 46,348.02 —2.54 14.18 1.72 2.67
C7 400 1.49 32  68,626.96  90,591.24  89,258.58 88,532.95 93,473.47 -5.29 29.01 227 —0.81
C8 800 1.49 64 182,554.55 183,513.87 184,072.16  184,410.85 187,772.44 -1.79 1.02 0.49 0.18
C9 100 119 10 25,022.94  25,891.34  25,587.59 26,270.03 27,652.19 —5.00 4.98 1.46 2.67
C10 200 1.19 20 52,323.04  53,646.57  52,357.71 54,509.68 56,207.01 -3.02 418 1.61 411
C11 400 1.19 40 107,809.056 109,858.78 106,787.04 111,520.14 113,554.19 -1.79 3.44 1.51 4.43
C12 800 1.19 80 143,922.78 221,795.74 219,300.70  226,059.91 228,447.48 —1.05 57.07 1.92 3.08
€13 100 1.00 12 28,833.02 29,473.86  29,146.85 29,208.18 30,744.93 —5.00 130 —-0.90 0.21
C14 200 1.00 24 59,871.37  61,04752  61,127.65 61,175.75 63,083.58 —-3.02 2.18 0.21 0.08
C15 400 1.00 48 118,310.00 124,934.81 125,855.86  125,854.79 128,148.98 -1.79 6.38 0.74 0.00
C16 800 1.00 96 249,599.46 253,971.64 256,396.02  256,236.11 258,811.53 —1.00 2.66 0.89 —0.06
C17 100 0.85 14 31,27543  32,318.08  31,916.88  32,057.27 32,895.98 —2.55 250 -0.81 0.44
C18 200 0.85 28  64,561.58  66,549.39  66,393.98  66,527.87 67,387.86 —1.28 3.05 -0.03 0.20
C19 400 0.85 56  131,630.39 135,543.70 135,824.75  135,897.71 136,599.06 —0.51 3.24 0.26 0.05
C20 800 085 112 266,275.54 273,692.34 274,770.81 274,817.89 275,280.60 —0.17 3.21 0.41 0.02
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Table 12

Bounds for Hub-and-Spoke Network with Four Nonhub Locations

Bound improvement (%) % Difference across legs (%)

Case#  CDLP bound DCOMP bound DCOMP1 bound %-CDLP %-DCOMP DCOMP DCOMP1
C1 18,313.87 17,714.14 17,693.73 3.39 0.12 3.10 0.40
G2 36,627.74 35,998.76 35,974.27 1.78 0.07 1.69 0.24
3 73,255.49 72,623.62 72,596.09 0.90 0.04 0.87 0.12
C4 146,510.97 145,899.88 145,870.04 0.44 0.02 0.42 0.05
C5 23,581.37 22,826.37 22,826.37 3.20 0.00 3.27 0.30
C6 47,162.74 46,348.02 46,348.02 1.73 0.00 1.76 0.09
c7 94,325.47 93,473.47 93,473.47 0.90 0.00 0.91 0.01
C8 188,650.94 187,772.44 187,772.44 0.47 0.00 0.47 0.00
9 28,758.99 27,652.19 27,652.19 3.85 0.00 4.00 1.52
C10 57,517.98 56,207.01 56,207.01 2.28 0.00 2.33 0.96
C11 115,035.95 113,554.19 113,554.19 1.29 0.00 1.30 0.57
C12 230,071.90 228,447.48 228,447.48 0.71 0.00 0.71 0.33
c13 32,853.46 31,293.97 30,744.93 6.42 1.75 4.98 0.00
C14 65,706.92 63,710.63 63,083.58 3.99 0.98 3.13 0.00
C15 131,413.85 128,887.47 128,148.98 2.48 0.57 1.96 0.00
C16 262,827.70 259,693.57 258,811.53 1.53 0.34 1.21 0.00
c17 34,707.96 33,107.58 32,895.98 5.22 0.64 4.83 0.00
C18 69,415.93 67,636.88 67,387.86 2.92 0.37 2.63 0.00
c19 138,831.85 136,946.88 136,599.06 1.61 0.25 1.38 0.00
€20 277,663.71 275,760.68 275,280.60 0.86 0.17 0.69 0.00

expectation. For cases with medium load factors
(C5 to C12), the performance gains are quite sub-
stantial. Overall, the results for C1-C20 are consis-
tent with our earlier observations. Table 6 shows that
with very few exceptions the empirical load factors
for DCOMP1 are higher than DCOMP and CDLP10.
Table 12 shows the performance of various bounds
for the test cases C1-C20. Overall, the bound perfor-
mance for these cases are quite consistent to that of
cases B1-B20.

7. Summary

We introduce a new dynamic programming decom-
position approach to network RM based on a non-
linear nonseparable functional approximation, which
leads to a better upper bound on the optimal expected
revenue and better heuristic policies than the clas-
sical dynamic programming decomposition intro-
duced in the literature. Policy performance from
the new approach is tested in an extensive numer-
ical study that shows the strength of the proposed
approach. To the extent that the computational cost
of the new approach is only slightly higher than the
classical version, it is more appealing than several
other approaches recently introduced in the literature.
We believe the approach has potential for practical
implementation.

Functional approximation approaches for dynamic
programs are relatively new in the RM literature. Our
work confirms, once again, the usefulness of such
an approach. We believe that this approach lends
itself well to other applications, such as supply chain

management, and multiproduct multiperiod inven-
tory allocation problems with substitution (Shumsky
and Zhang 2009).
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