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Abstract

Opaque selling, in which a seller offers opaque goods (OGs), in addition to physical goods,

has been shown to be an effective strategy to segment a market and improve the seller’s profit.

This paper studies opaque selling with stochastic demand and fixed initial inventories of multiple

products, where the seller dynamically controls the product offers and determines the product

assignment to fulfill the demand for OGs over time. The problem is formulated as a stochastic

dynamic program. Due to the curse of dimensionality, we study the fluid control problem that

gives a time-based fluid policy and a stationary probabilistic fulfillment strategy. We show

that the fluid policy is asymptotically optimal when the arrival rates and initial inventory

level are scaled up linearly. Furthermore, we propose a decomposition heuristic based on the

corresponding fluid solution. The decomposition heuristic is shown to provide a tighter upper

bound than the fluid control problem. Numerical study on a set of test instances illustrates the

performance and efficacy of opaque selling.

Keywords: Opaque Selling; Customer Choice Behavior; Asymptotic Optimality; Approximate

Dynamic Programming.

1 Introduction

The rapid development of online selling provides new opportunities for sellers to effectively manage

demand and improve revenue. One example is opaque selling under which sellers strategically

withhold product information by keeping some characteristics of their products hidden until after

purchase (Anderson and Celik, 2019). This selling strategy allows sellers to sell physical goods to

brand-loyal customers at higher prices, and to sell “opaque goods” (OGs) to non-loyal customers at

discounted prices (Anderson and Xie, 2014). Opaque selling has been widely observed in travel and

retail industries. Well-known examples include Hotwire and Priceline which intentionally conceal

certain attributes of airline tickets and hotel rooms (e.g., the identity of the service provider) from
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customers until after purchase. Amazon sells LEGO mini-figure collection series in a “mystery bag”

which contains one random mini-figure.

A key driver of introducing OGs is heterogeneous customer preferences for physical goods. For

customers who do not have a strong preference for a specific physical good, an OG is attractive

because it is usually offered at a discount. By contrast, for customers who have a strong preference

for a specific product, an OG is not attractive due to the fulfillment uncertainty. Therefore, opaque

selling, if designed properly, has the potential to expand the market without cannibalizing sales of

physical goods significantly. By adopting opaque selling, the seller can better match supply with

demand and enhance revenue. Specifically, when selling multiple substituable products with fixed

inventories in a finite horizon, the seller can dynamically decide which OGs to offer together with

some physical goods. Once an OG is purchased, the seller determines which physical good is used to

fulfill the demand, depending on the remaining inventories of each physical good and the remaining

selling time. For example, the seller may use, as much as possible, a slow-moving physical good to

satisfy customers who buy an OG.

With its growing popularity in practice, opaque selling has gained increasing attention in aca-

demic research. Much of the literature on opaque selling assumes that there are only two physical

goods and a single OG. This is in stark contrast to the practice of multiple OGs in travel and online

retail industries. For example, Eurowings, a German low-cost airline, offers the so-called “variable

opaque products”, for which customers can customize the set of flights for an opaque fare (Post

and Spann, 2012). For example, after a customer who plans her summer vacation selects an origin

city (e.g., Cologne) and a category (e.g., Sun and Beach) on www.eurowings.com, a total of 24

destinations are shown for her to choose from. The customer can tick off the destinations that she

does not like by paying a surcharge of 5 euros per destination. In the “grab-bag” program offered

by swimoutlet.com, a wide variety of grab bags are displayed to online customers. Different grab

bags contain a set of swimsuits (typically two to four) with different prints and styles. A buyer

chooses the size and the grab bag to purchase and the seller determines the print and style to fulfill

the demand.

To illustrate the benefit of opaque selling for the seller, let us consider a stylized example. Three

physical goods A, B, and C (e.g., shirts with different colors, or flights with different schedules) with

an initial inventory of one unit each are sold over two periods. There are four types of customers

whose valuations for the physical goods are denoted by vj = (vAj , v
B
j , v

C
j ), j = 1, 2, 3, 4. Specifically,

v1 = (1, 0, 0), v2 = (0, 1, 0), v3 = (0, 0, 1), and v4 = (0.3, 0.3, 0). The selling price for each physical

product is one, i.e., rA = rB = rC = 1. The seller uses physical goods A and B to create an

OG, denoted by product D, with a selling price rD = 0.3. Customers are risk neutral and assume

equal fulfillment probability for physical goods A and B when purchasing the OG. Then a type-1

customer prefers to purchase the OG over physical good A. This is because the expected surplus

from purchasing the OG is 0.5× vA1 + 0.5× vB1 − rD = 0.2, which is higher than the zero expected
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surplus (vA1 − rA = 0) from purchasing physical good A. Similarly, a type-2 customer prefers the

OG over physical good B. A type-3 customer would purchase physical good C only. A type-4

customer would purchases the OG only. There is exactly one customer arrival in each period and

the probabilities of belonging to the four types are 0.1, 0.1, 0.3, and 0.5, respectively. We compare

the following three control policies:1

• Policy 1: offer all the available physical goods but not the OG in both periods. Note that

type AB customers are lost. If a physical good is consumed in the first period, demand for

this good in the second period will be lost. The total expected revenue is 0.89.

• Policy 2: Offer all the available physical goods and the OG in both periods. Note that the

physical goods A and B are not purchased in the first period. If the physical good A or B is

sold in the first period, the OG cannot be offered in the second period. The expected total

revenue is 0.853.

• Policy 3: Offer all the physical goods in the first period, and all the available physical goods

and the OG (if both physical goods A and B are available) in the second period. It can be

verified that the expected total revenue is 0.898.

When opaque selling is not adopted, offering all the available goods is the optimal control policy.

Interestingly, offering the OG in both periods as in Policy 2 will decrease the total revenue. Policy

3 offers the OG only in the second period, making the seller gain a higher revenue than not using

opaque selling. Therefore, even though offering the OG all the time is not a good policy, offering

it sometimes can be beneficial. This emphasizes the importance of the tactical control of opaque

selling. It should be noted that scaling up the inventory and time horizon proportionally will not

eliminate the advantage of opaque selling since it expands the market.

When selling multiple products with a fixed inventory each in a finite horizon, the following

questions naturally arise: how should the seller dynamically control the product offers, including

both physical goods and OGs, over time? How should the seller make the fulfillment decisions for

OGs? In other word, which physical good is assigned to fulfill the demand for the OG? To answer

these questions, we consider a seller with a fixed capacity/inventory for each physical good prior to

a finite selling horizon. Customers arrive sequentially during the horizon. The seller dynamically

controls the set of products being offered to customers, and determines which physical good is used

to fulfill the demand of OGs. We formulate the seller’s problem as a continuous-time, discrete-

state, finite-horizon stochastic dynamic program. Due to well-known curse of dimensionality, the

optimal policy is computationally infeasible. To overcome this difficulty, we study the corresponding

deterministic version of the problem, known as the “fluid control problem.” We show that the

optimal revenue of the fluid control problem serves as an upper bound for the optimal revenue

1The detailed calculation of the revenue under the three policies is shown in Appendix A.
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of the stochastic dynamic program. The optimal solution of the fluid control problem can be

implemented as a heuristic control policy, which is shown to be asymptotically optimal when both

inventory and demand are scaled up. However, the fluid policy is a static policy that does not

react to the changing inventory status and time. We further consider a decomposition heuristic

that approximates the original dynamic program with a collection of single-dimensional dynamic

programs. This method generates a dynamic control policy based on the remaining inventory

and remaining time, and outperforms the fluid policy in most problem instances that we have

constructed.

Our work contributes to the literature on opaque selling in the following ways. First, we con-

sider multiple OGs that are created using multiple physical goods. Much of the existing literature

considers situations with only a single OG, which is a restriction for practical implementation and

can lead to substantial missed revenue opportunities. Second, our work contributes to the under-

standing of the impact of inventory and selling periods on opaque selling, which is understudied in

the existing literature. Third, we consider an endogenous fulfillment mechanism under which the

seller decides which physical good is used to fulfill the demand. Our dynamic programming model

and the ensuing solution methods directly address these questions. Our modelling framework also

allows us to investigate the value of opaque selling with multiple OGs. Compared to no opaque sell-

ing (i.e., the traditional choice-based revenue management problems), our numerical study shows

that offering multiple OGs can substantially improve the seller’s revenue. We find that the seller

will benefit more from selling multiple OGs when product supply is not tight relative to demand,

and when inventory levels of each product are more imbalanced. Because selling multiple OGs

enables the seller to fine-tune segmentation of the market and attract more demand, the value of

offering multiple OGs becomes more pronounced when there is ample supply. Moreover, opaque

selling enables the seller to assign the physical good with high inventory to fulfill the demand of

OG, thus it is well expected that opaque selling is more valuable with a large degree of inventory

imbalance. Importantly, we show that even offering a single OG can achieve large benefits. This

suggests that implementing opaque selling is feasible in many practical settings.

The remainder of this paper is organized as follows. Section 2 provides the literature review.

Section 3 introduces the model and formulates the seller’s revenue management problem as an MDP.

Section 4 studies the fluid control problem, develops a fluid policy, and establishes its asymptotic

optimality. Section 5 proposes a decomposition heuristic. Section 6 reports the results of numerical

experiments. Finally, Section 7 concludes and discusses future research directions. In this paper,

“she” refers to the customer and “he” refers to the seller. All the proofs are presented in the

Appendix.
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2 Literature Review

Our work falls in the steam of literature on probabilistic/opaque selling. Fay and Xie (2008) first

define the probabilistic goods and study the underlying mechanism of probabilistic selling. Using

a standard Hotelling model, they investigate why, how, and when probabilistic selling can improve

a seller’s profit. Shapiro and Shi (2008) consider a system of N hotels, each of which publicly

announces its list price and decides whether to participate in opaque selling or not. They show

that opaque selling enables service providers to price discriminate between the customers who are

sensitive to service characteristics and those who are not. Jiang (2007) adopts opaque selling to a

firm with two flights scheduled at different times, and investigates when opaque selling improves

profits.

Several authors are interested in understanding the relative merit of probabilistic selling against

other selling strategies. Fay and Xie (2010) compare probabilistic selling with advance selling since

both strategies deal with buyer uncertainty in valuations. Jerath et al. (2009, 2010) compare

opaque selling with last-minute selling through an intermediary. Rice et al. (2014) compare proba-

bilistic selling with markdown selling and examine when probabilistic selling can be more profitable.

Elmachtoub and Hamilton (2017) compare opaque selling with two common selling strategies in-

cluding discriminatory pricing and single pricing under two types of customers including risk-neutral

and pessimistic customers.

Quite a few papers examine the impact of probabilistic/opaque selling on a seller’s product

and inventory management, and customer purchase behavior. For example, Fay (2008) analyzes a

game in which two service providers first determine how many units to be allocated to the opaque

channel, and then the intermediary chooses the price of the OG. He shows that the opaque channel

increases the degree of price rivalry and thus reduces industry profits unless firms have very loyal

customers. Fay et al. (2015) examine how probabilistic selling affects a retailer’s product mix

decision, and find that probabilistic selling can either increase or decrease the degree of product

differentiation depending on market heterogeneity. Fay and Xie (2015) uncover a new role that

probabilistic selling plays for inventory management. Against the common belief that deferring

product assignment will help balance supply and demand for each individual product, they find

that early product allocation can be more profitable for the firm. Li et al. (2016) investigate how

probabilistic selling affects a firm’s profit when consumers display variety seeking behavior. They

find that, compared with traditional selling, probabilistic selling improves the firm’s profit, but the

improvement decreases in the degree of variety seeking.

While most authors consider opaque selling as posted prices by sellers, several authors consider

opaque selling through the so-called name-your-own-price (NYOP), where the prices are determined

by customers. Cai et al. (2009) investigate how channel structure (single-channel vs. dual-channel)

and bidding options (single-bid vs. double-bid) affect the optimal reserve prices under the NYOP
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policy. Chen et al. (2014) examine the effects of two selling mechanisms including posted-price and

name-your-own-price on competing service providers. Huang et al. (2017) study NYOP with two

competing suppliers, and explore its impact on the channel structure in a competitive market.

All the aforementioned papers adopt stylized two-period models assuming that all customers

arrive simultaneously at the beginning of the selling horizon. They focus on the fundamental insights

and managerial implications that probabilistic/opaque selling brings about under various selling

environments and market conditions. Our work differs in that we investigate how opaque selling can

be implemented practically in a standard network revenue management framework. Specifically, we

seek to develop a dynamic control policy for a seller who offers multiple substitutable products with

fixed inventories to sequentially arriving customers with heterogeneous valuations. An exception is

the work by Xiao and Chen (2014), who consider probabilistic selling of two products over a finite

selling period. By devising different scenarios as benchmarks, they focus on the exploration of the

demand induction effect (i.e., incremental profit from inducing more customers to purchase), the

demand dilution effect (i.e., profit loss when customers switch from physical goods to OGs), and

the inventory pooling effect from probabilistic selling. Similar to Xiao and Chen (2014), the seller

in our model can dynamically determine the product offers and the assignment of physical goods

for fulfillment of OGs. However, we study a more general situation with a menu of physical goods

and OGs. Due to the curse of dimensionality, we develop heuristics including a fluid policy and

a decomposition heuristic that are easy to implement, and generate insights on opaque selling of

multiple products.

Our model and solution borrows ideas from the growing literature on choice-based revenue

management and dynamic pricing; see, e.g., Talluri and van Ryzin (2004a, 2004b), Zhang and

Cooper (2005), Liu and van Ryzin (2008), Kunnumkal and Topaloglu (2008, 2010), Bront et al.

(2009), Zhang and Adelman (2009), Chaneton and Vulcano (2011), Meissner and Strauss (2012),

Chen et al. (2017), Hu et al. (2016), and Chen and Chen (2018). The power of heuristic policies

from deterministic approximations is well-known in the revenue management literature; see, e.g.,

Cooper (2002), Maglaras and Meissner (2006), Reiman and Wang (2008), Zhang (2011), and Jasin

and Kumar (2012). Particularly, our work shares a close similarity with Jasin and Kumar (2012)

in the sense that resources can be randomly consumed by products. However, in their work, the

resource consumption of each product follows an exogenously given distribution and it is beyond

the seller’s control. In contrast, the resource consumption of OGs is endogenously determined by

the seller in our paper; that is, the seller decides which resource (physical good) should be allocated

to fulfill a request for an OG. In fact, in all the existing work on choice-based revenue management,

customers choose among physical goods and thus demand fulfillment is not a decision for the seller.

However, we allow the seller to determine which physical good to be assigned to fulfill the demand

for OGs. Therefore, the seller dynamically controls not only the set of products being offered but

also the assignment of physical goods to fulfill the demand; hence, the decision problem is more
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involved.

3 Model Formulation

In this section we describe the problem and introduce the model formulation.

3.1 Problem Description

Consider a seller offering m substitutable physical goods, indexed by M = {1, 2, . . . ,m}, within

a finite selling season [0, T ]. Each arriving customer purchases at most one unit of the physical

goods. Besides offering these m physical goods individually, the seller may sell them in the form

of an OG. An OG is a subset of all the available physical goods, such that whenever a customer

purchases an OG, her demand will be fulfilled by one of the physical goods. Which physical good

is used to to fulfill the demand is determined by the seller. Note that each physical good i ∈ M
can also be viewed as an OG with a subset of only one physical good. To the extent possible, we

reserve the use of OGs for products with fulfillment uncertainty, even though a physical good can

also be viewed as an OG with no fulfillment uncertainty. A product can be either a physical good

or an OG throughout the paper.

The seller stocks Qi units of physical good i ∈ M prior to the selling season. Let Q =

(Q1, Q2, . . . , Qm) be the vector of initial inventory levels. We assume the procurement lead time is

relatively long such that there is no opportunity for replenishment during the selling season. For

simplicity, the salvage value of each physical good is assumed to be zero at the end of the selling

season (note that incorporating a salvage value for each physical good will not impact our analysis

and major results).

Suppose that the seller offers n products, indexed by N = {1, 2, . . . , n}, using the multiple

physical goods. Each product is characterized by a vector (rj , aj) where rj is the selling price of

product j ∈ N and aj := (a1j , a2j , . . . , amj) denotes the physical goods contained in product j. In

particular, aij = 1 if physical good i is contained in product j and aij = 0 otherwise. For ease of

exposition, let the first m products correspond to the m physical goods; thus aii = 1 and ai′i = 0

∀i, i′ ∈M : i 6= i′. It is reasonable to assume that rj is no greater than the maximum selling price

of the physical goods contained in product j. This is typically the case in practice since customers

usually expect a discount for OGs. That is, we have

rj ≤ max
i∈M

riI{aij=1}, ∀j ∈ N ,

where I{·} is the indicator function.

The seller makes two-dimensional decisions over the selling horizon, with the objective of max-

imizing revenue. On the one hand, he controls the subset of products available to customers,
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S ⊆ N , over time. We enforce an “honesty” constraint such that a product set S is offered if and

only if each physical good contained in S has a positive inventory level. That is, we exclude the

possibility that the seller may still offer a set S even if some of the physical goods contained in S

are depleted. This kind of untruthful behavior on the seller’s part is possible in practice due to the

asymmetric information between the seller and customers (as customers typically cannot observe

the seller’s real time inventory level) and is likely beneficial for the seller. An implication of our

modelling choice is that our model provides a lower bound on the benefit of opaque selling; the

benefit can increase if the seller’s untruthful behavior is accounted for. On the other hand, given

that a customer chooses an OG j from the offer set S, the seller determines which physical good

that is contained in the OG j for demand fulfillment. Notice that such random product assignment

shares some similarity with menus of lotteries well studied in the economics and computer science

literature (e.g., Gauthier and Laroque, 2017, Chen et al., 2015). However, the key difference is

that the assignment probability is endogenously determined by the seller in our model, while it is

randomly drawn in theirs.

Following the revenue management literature, customers are assumed to arrive according to a

homogeneous Poisson process with rate λ. At each time t, an arriving customer purchases at most

one unit of a product. We assume customers choose among the products following a discrete choice

model. The probability of choosing product j ∈ S is Pj(S) when the offer set is S. Note that

the choice probabilities depend only on the offer set, but not on the seller’s fulfillment decision.

It is possible that customers may adjust their purchase behavior based on the seller’s fulfillment

decisions, which we do not consider in this work. We assume the choice probabilities follow some

regularity assumptions: (i) Pj(∅) = 0 ∀j ∈ S, and Pj(S) ≥ 0 if and only if j ∈ S; that is, only

offered products can generate demand. (ii) If S ⊆ S′, then
∑n

j=1 Pj(S) ≤
∑n

j=1 Pj(S
′), meaning

that offering more products will lead to higher total demand across all products (this is the demand

induction or market expansion effect). (iii) If S ⊆ S′, then ∀j ∈ S, Pj(S) ≥ Pj(S′), meaning that an

added product in the offer set will decrease the demand from existing products (this is the demand

dilution effect). The regularity assumptions are implied by the vast majority of parametric choice

models considered in the existing literature (e.g., Liu and van Ryzin, 2008; Talluri and van Ryzin,

2004b; Feldman and Topaloglu, 2017). We let P0(S) denote the no-purchase probability such that

P0(S) +
∑n

j=1 Pj(S) = 1.

Depending on the inventory levels of physical goods and the remaining time, the seller dynam-

ically controls the set of products to be offered at each point in time and the product fulfillment

so as to maximize the expected revenue.

3.2 The MDP Formulation and Solution

We now formulate the seller’s revenue maximization problem as a Markov decision process (MDP).

At any time t ∈ [0, T ], the state of the system is the vector of remaining inventory levels of physical
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goods, denoted as y = (y1, y2, . . . , ym) where 0 ≤ y ≤ Q. An non-anticipative control policy

specifies an offer set over time, with

(u,Θ) =
{(

(ut(S))∀S⊆N , (θ
t
ij)∀i∈M,∀j∈N

)
: 0 ≤ t ≤ T

}
,

where ut(S) denotes whether the set S is offered at time t, i.e.,

ut(S) =

{
1, if the set S is offered at time t,

0, otherwise,
∀S ⊆ N ,

and (θtij)m×n represents the control of fulfillment, with

θtij =

{
1, if physical good i is assigned to fulfill product j at time t,

0, otherwise
∀i ∈M, ∀j ∈ N .

Note that
∑

S u
t(S) = 1 ∀t, since at most one product set can be offered at any time. In

addition,
∑

i∈M aijθ
t
ij = 1 ∀t and j ∈ N , as only a single physical good contained in product j

should be assigned for fulfillment of any demand. Let U denote the set of feasible control policies.

Let Λ = {Λ(t) : 0 ≤ t ≤ T} denote the process of customer arrivals and Tk denote the arrival

time of the kth customer. Under the control policy (u,Θ), the cumulative sales for product j ∈ N
up to time τ can be written as

Dj(τ, u,Θ) =

Λ(τ)∑
k=1

∑
S⊆N

uTk(S)I{ζk(S)=j}, ∀τ ∈ [0, T ], j ∈ N .

In the above, for each k and S, {ζk(S) : k ≥ 1} is a sequence of independent random variables with

distribution P{ζk(S) = j} = Pj(S) for all j ∈ {0} ∪ N . The set of all feasible non-anticipating

policies during [t, T ] must satisfy:∑
j∈N

{∫ T

t
θτijdDj(τ, u,Θ)

}
≤ yi, ∀i ∈M. (1)

The seller’s expected revenue over [t, T ] for a given policy (u,Θ) can be expressed as

J(u,Θ)(t, y) = E
{∑
j∈N

∫ T

t
rjdDj(τ, u,Θ)

}
. (2)

The optimal value of (2), denoted by V (t, y), called the revenue-to-go function, is the supremum

of J(u,Θ)(t, y) over all feasible policies (u,Θ) ∈ U ; that is,

V (t, y) = sup
(u,Θ)∈U

J(u,Θ)(t, y), (3)

subject to (1) and with boundary conditions:

V (T, y) = 0, ∀y, 0 ≤ y ≤ Q,

V (t, 0) = 0, ∀t ∈ [0, T ]. (4)
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As one can expect, the revenue-to-go function has the properties established in Lemma 1. The

proof can be shown by replacing jump point processes with their intensities; interested readers are

referred to Feng and Gallego (1995).

Lemma 1. The revenue-to-go function V (t, y) defined in (3) satisfies: (i) V (t, y) is continuous

and decreasing in time t, and (ii) V (t, y) is increasing in the inventory level y.

The seller’s problem is to determine the product set available to customers at each point in

time and the physical good assignment for fulfillment of OGs so as to maximize the total expected

revenue in the finite horizon [0, T ]:

V ∗ = V (0, Q) = sup
(u,Θ)∈U

J(u,Θ)(0, Q). (5)

Note that a general feasible policy can be path dependent; i.e., the set being offered and physical

good being assigned at time t depends on the entire sales trajectory during the time interval [0, t).

However, among all the possible policies U , one can always choose a Markovian policy that is

optimal (Theorem 5.5.1 in Puterman, 1994). In the rest of the paper, without loss of generality,

we focus on Markovian policies in which the decision of set offering depends only on the current

inventory level.

To formulate V (t, y) recursively, let B(y) be the set of products that can be offered in state

y = (y1, y2, . . . , ym). When yi = 0 for some i ∈M, all the products that use physical good i should

be excluded from B(y). Clearly, starting from B(Q) = N at time t = 0, the set B(y) shrinks as the

inventory level of some physical goods drops to zero. In particular, whenever all the physical goods

are sold out, B(0) reduces to the ∅ and the seller has to terminate the selling process.

Consider a time interval [t, t + ∆t) where ∆t is sufficiently small such that the probability of

more than one customer arrival during this interval is negligible. For a given set S ⊆ B(y) offered

within the interval [t, t + ∆t), the probability that a customer arrives and purchases product j is

λ∆tPj(S), j ∈ N . When the customer purchases product j, the seller earns a revenue of rj and

sells one unit of physical good i ∈ M contained in product j according to the fulfillment decision

θ̂ := (θtij)m×n. As such, conditioning upon all the possible events during [t, t+ ∆t), we can derive

the seller’s expected revenue in the following:

V (t, y|S, θ) =
∑
j∈N

{
λ∆tPj(S)

[
rj +

∑
i∈M,aij=1

θtijV (t+ ∆t, y − ei)
]}

+
[
1− λ∆t

∑
j∈N

Pj(S)
]
V (t+ ∆t, y),

where ei is the m-vector whose ith component is 1 and all other components are 0.

The maximum expected revenue is achieved by choosing the offer set S and assignment decision

θ that maximizes V (t, y|S, θ); that is,

V (t, y) = max
S⊆B(y),θ

V (t, y|S, θ).
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Conducting some simple algebraic transformations and letting ∆t → 0, we obtain the following

Hamilton-Jacobi equation:

−∂V (t, y)

∂t
= max

S⊆B(y),θ

∑
j∈N

λPj(S)
[
rj −

∑
i∈M,aij=1

θtij

(
V (t, y)− V (t, y − ei)

)]
,

= max
S⊆B(y)

∑
j∈N

λPj(S)
[
rj − min

i∈M,aij=1
∆iV (t, y)

)]
, (6)

where ∆iV (t, y) = V (t, y)− V (t, y − ei). Conditioning upon the arrival time of the next customer,

we can show that (6) is equivalent to the following:

V (t, y) =

∫ T

t
λe−λ(τ−t)g(τ, y)dτ, (7)

where

g(τ, y) := max
S⊆B(y)

{∑
j∈N

Pj(S)
[
rj + max

i∈M,aij=1
V (τ, y − ei)

]
+ P0(S)V (τ, y)

}
. (8)

One may wonder whether the revenue-to-go function V (t, y), defined in (6) and (7), exists and

is unique. We provide a detailed proof in Appendix B. Even so, it is quite difficult to obtain the

seller’s optimal control policy, especially for a high dimensional problem. Therefore, in the following

section we seek to develop some heuristic policies.

4 The Fluid Policy and Its Asymptotic Optimality

In this section, we study the fluid policy based on the fluid control problem, which is a deterministic

version of the original MDP problem. The fluid control problem is introduced in Section 4.1. We

develop a fluid policy based on the solution of the fluid control problem in Section 4.2 and show

that it is asymptotically optimal for the original MDP problem in Section 4.3.

4.1 The Fluid Control Problem

We define the fluid control problem as follows. Customers arrive continuously at a constant rate λ.

The demand rate for product j ∈ N when S is offered is given by λPj(S). Product j consumes the

stock of physical good i ∈ M at time-varying rate θ̂tij . The seller decides the set S to be offered

at each point in time t and the product fulfillment to maximize revenue. The associated control

policy (u, Θ̂) satisfies

ut(S) ∈ [0, 1],
∑
S

ut(S) = 1, ∀t ∈ [0, T ], S ⊆ N ,

θ̂tij ∈ [0, 1],
∑
i∈M

aij θ̂
t
ij = 1, ∀t ∈ [0, T ], i ∈M, j ∈ N .
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To distinguish from the MDP model, let V be the set of all feasible policies for the fluid control

problem.

For a given initial inventory level Q, the fluid control problem can be formulated as follows:

R∗ = max
(u,Θ̂)∈V

{∑
S

∑
j∈N

∫ T

0

(
λrju

t(S)Pj(S)
)
dt
}
, (9)

s.t.
∑
S

∑
j∈N

∫ T

0

(
λut(S)Pj(S)θ̂tij

)
dt ≤ Qi, ∀i ∈M. (10)

The constraint (10) says that the quantity of each physical good that is used to fulfill customer

demand cannot exceed its corresponding stocking level.

Theoretically, the optimal offer and fulfillment policies are both time-dependent. The following

proposition, however, shows that it is optimal for the firm to adopt a stationary (time-independent)

fulfillment policy in the fluid control problem.

Proposition 1. In the optimization problem (9)–(10), there exists an optimal stationary fulfillment

policy Θ̂∗ = (θ̂∗ij)m×n; that is, it is without loss of optimality to take

θ̂tij = θ̂∗ij , ∀i ∈M, j ∈ N , t ∈ [0, T ].

As such, one can focus on the fluid solution that has a stationary fulfillment policy (θ̂ij)m×n by

taking θ̂tij = θ̂ij in (10). Furthermore, for each S ⊆ N , let

τ(S) :=

∫ T

0
ut(S)dt, (11)

be the total time that the set S is offered during the entire time horizon [0, T ]. The problem

(9)–(10) can then be rewritten as:

R∗ = max
(τ,θ̂)

∑
S

∑
j∈N

(
λrjPj(S)τ(S)

)
, (12)

s.t.
∑
S

∑
j∈N

(
λPj(S)θ̂ijτ(S)

)
≤ Qi, ∀i ∈M, (13)

∑
S

τ(S) ≤ T, (14)∑
i∈M

aij θ̂ij = 1, ∀j ∈ N , (15)

τ(S) ≥ 0, ∀S ⊆ N ,

0 ≤ θ̂ij ≤ 1, ∀i ∈M, j ∈ N . (16)

The problem (12)–(16) is a non-linear optimization problem since constraint (13) is nonlinear.

However, this problem can be transformed into a linear program by a change of variables. For
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any (i, j, S), let Xij(S) = τ(S)θ̂ij and replace decision variables θ̂ by X. Consequently, problem

(12)–(16) transforms to the following form:

R∗ = max
(τ,X)

∑
S

∑
j∈N

(
λrjPj(S)τ(S)

)
, (17)

s.t.
∑
S

∑
j∈N

(
λPj(S)Xij(S)

)
≤ Qi, ∀i ∈M, (18)

∑
S

τ(S) ≤ T, (19)∑
i∈M

aijXij(S) = τ(S), ∀j ∈ N , S ⊆ N (20)

τ(S) ≥ 0, ∀S ⊆ N ,

0 ≤ Xij(S) ≤ τ(S), ∀i ∈M, j ∈ N , S ⊆ N . (21)

Observe that the program after the change of variables is a linear program and that a solution to

the problem (12)–(16) can be constructed from a solution of the transformed program. In general,

the number of variables and constraints of the linear program (17)–(21) increases exponentially in

the number of products n. Therefore, the size of the problem can grow quickly. In our numerical

study, we are able to solve medium sized problems using a commercial linear programming solver.

For a large n, specialized algorithms will be required.

Let (τ∗, X∗) be an optimal solution to the problem (17)–(21), and (τ∗, θ̂∗) be an optimal solution

to the problem (12)–(16). We can show some structural properties of τ∗. First, the sequence of

sets being offered does not affect the seller’s revenue. Second, if it is optimal to offer the null set

∅ for some positive time period (i.e., τ∗(∅) > 0), then all of the physical goods must be sold out

during [0, T ]; that is,

Qi =
∑
S

∑
j∈N

(
λPj(S)θ̂∗ijτ

∗(S)
)
, ∀i ∈M.

In other words, if there exists an over-stocked physical good, i.e.,

Qi >
∑
S

∑
j∈N

(
λPj(S)θ̂∗ijτ

∗(S)
)

for some i ∈M, then we must have τ∗(∅) = 0.

Proposition 2. There exists an optimal solution τ∗ for the fluid control problem (12)–(16), such

that for any i, j ∈ M, i 6= j, we have τ∗({i}) × τ∗({j}) = 0. That is, for any pair of products,

there exists an optimal solution such that at most one of them is offered individually in a specific

time period.

Proposition 2 shows that there exists an optimal solution τ∗, such that among any pair of

physical goods (i, j), τ∗({i}) and τ∗({j}) should have, at least, one zero value. The intuition is as
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follows. Suppose that, for a pair of products, both are offered individually in two non-overlapping

time slots. We can construct a solution such that both products are offered together and at most

one of them is offered individually with the same sales amount and revenue. The proposition

implies the existence of an optimal solution such that, among the set of physical goods, at most

one physical good is offered individually for some duration. This is consistent with observations

where physicals goods are often offered together in practice.

Given an optimal solution (τ∗, θ̂∗), the optimal fluid revenue is

R∗ =
∑
S

∑
j∈N

(
λrjPj(S)τ∗(S)

)
. (22)

We now claim that R∗ provides an upper bound on the optimal expected revenue of the MDP

problem (5).

Theorem 1. For any initial inventory level Q, we have R∗ ≥ V ∗.

The fact that a deterministic fluid formulation provides an upper bound on the revenue is a

classical result in the revenue management literature (see, e.g., Cooper, 2002; Liu and van Ryzin,

2008; Reiman and Wang, 2008). The intuition is that the uncertainties associated with customer

arrival and choice process reduce the expected revenue of the seller. We show the same result

holds when opaque selling is considered. Since our model involves OGs, our setup is slightly more

involved than the aforementioned papers due to fulfillment uncertainty. Theorem 1 allows us to

use the fluid revenue R∗ as a benchmark to evaluate the asymptotic optimality of the fluid policy

in the following subsections.

4.2 The Fluid Policy

Consider an optimal solution, (τ∗, θ̂∗), to the fluid control problem (12)–(16). Suppose, among

all the possible offer sets, S1, . . . , SK have positive durations, denoted as τ∗(S`) for ` = 1, . . . ,K.

We divide the selling horizon [0, T ] into K intervals by duration τ∗(S`) for ` = 1, . . . ,K. The

optimal fluid revenue R∗ is then obtained when the seller offers S` in the `th interval and the

fulfillment probability is kept at θ̂∗. Given the initial inventory level Q = (Q1, Q2, . . . , Qm), let

the corresponding remaining inventory level at the end of the `th duration be L` = (L`1, . . . ,L`m).

Clearly, we have L0 = Q. For each ` = 1, 2, . . . ,K and i ∈M:

L`i = L(`−1)i − λτ∗(S`)
∑
j∈N

Pj(S`)θ̂
∗
ij = Qi − λ

∑̀
k=1

∑
j∈N

Pj(Sk)θ̂
∗
ijτ
∗(Sk),

which is non-increasing in ` and non-negative for each i.

In the following we propose a fluid policy for the original MDP model.
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Definition 1. (Fluid Policy π) On the side of offer-set control, order the sets with positive dura-

tions in the fluid solution randomly and then offer them sequentially. The set S`, ` = 1, 2, . . . ,K,

is offered until the inventory level of one physical good (say, physical good i) contained in S` first

drops to bL`ic or the time duration τ∗(S`) has elapsed. On the side of product fulfillment, for any

customer that chooses product j, assign physical good i for the fulfillment with probability θ̂∗ij.

In the definition above, bxc is the largest integer that does not exceed x; i.e., bxc = max{i ∈
Z : i ≤ x}. Clearly, the fluid policy π can be easily implemented, without the need for any re-

optimization. Given an inventory level at the beginning of the `th interval being y, the seller can

sell a maximum of (yi − bL`ic) units for each physical good i contained in S`. This shares some

similarities to the class of allocation policies studied in the literature (e.g., Cooper, 2002; Reiman

and Wang, 2008). However, our policy is more complex than the traditional allocation problems

because the problem involves three sources of uncertainties: customer arrivals, customer choices,

and product fulfillment (the literature has no uncertainty in product fulfillment). In particular, to

ensure the feasibility of the fluid policy, when offering set S` in the lth interval, we limit the sales

volume of each physical good contained in S`, rather than the accepted demand as in Liu and van

Ryzin (2008). This difference arises from the uncertainty of product fulfillment associated with

opaque selling.

The fluid policy π defined in Definition 1 is optimal for the fluid control problem, if one relaxes

the integer restriction on the inventory level. However, applying the fluid policy π to the original

MDP problem may incur some revenue loss compared with R∗. In the following subsection, we

will evaluate the performance of the fluid heuristic π and show that the policy is asymptotically

optimal when both the inventory level and the demand rate are scaled up proportionally.

4.3 Asymptotic Optimality

We consider a sequence of problems, both stochastic and deterministic, indexed by k (k = 1, 2, . . .),

in which the initial inventory level and the arrival rate are scaled up by a factor of k; that is,

Qk = kQ and λk = kλ. In the k-scaled problem, the optimal revenues of the MDP problem and

the corresponding fluid control problem are V k∗ and Rk∗, respectively. Note that the optimal

solution to the k-scaled fluid control problem is independent of k because the inventory level and

the arrival rate are all scaled up by the same factor k. Therefore, Rk∗ = kR∗ where R∗ is given

by (22). Furthermore, the durations τ∗(S`), ` = 1, 2, . . . ,K, being used to construct policy π are

independent of factor k. We let t0 = 0 and define

t` :=
∑̀
i=0

τ∗(Si), ` = 1, 2, . . . ,K.

Then t` can be interpreted as the time when the set S` starts to be offered. The corresponding

remaining inventory level at time t`, denoted as Lk` , is Lk` = kL`. We denote V k
π as the resulting
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expected revenue for the k-scaled MDP problem when implementing policy π. With a slight abuse

of notation, let V k
π (t`, y) be the expected revenue collected during (t`, T ] if policy π is adopted with

an inventory level y at time t`. As such, we have

V k
π = V k

π (0, kQ).

Clearly, V k
π is no greater than the optimal revenue V k∗, and it follows from Theorem 1 that

V k
π ≤ V k∗ ≤ Rk∗. (23)

We call (V k∗ − V k
π ) the revenue loss incurred from adopting the heuristic policy π for the k-

scaled MDP problem. The true optimal revenue V k∗, however, is difficult to calculate, and thus

we consider the fluid gap, defined as (Rk∗ − V k
π ). Clearly, for each k, the fluid gap dominates the

revenue loss (by Theorem 1). Following the literature, we will evaluate the performance of the

policy π by measuring the fluid gap (Rk∗ − V k
π ) in an asymptotic regime.

We first formulate the revenue V k
π and establish its lower bound. Define

µi(S) = λ
∑
j∈N

θ̂∗ijPj(S), ∀i ∈M, S ⊆ N ,

as the effective demand rate of physical good i when set S is offered. Note that µi(S) = 0 if physical

good i is not contained in S. When µi(S) > 0, the corresponding effective unit revenue of physical

good i when set S is offered is defined by

pi(S) =
λ

µi(S)

∑
j∈N

θ̂∗ijrjPj(S), ∀i ∈M, S ⊆ N .

Moreover, we denote

p̄(S) = max
i∈M

{
pi(S)I{µi(S)>0}

}
, ∀S ⊆ N

as the maximum effective unit revenue of physical goods contained in S, which will be used in the

later analysis. (Note that p̄(∅) = 0.)

Now consider the k-scaled MDP problem. For a given ` (` = 1, . . . ,K), suppose the seller starts

with inventory level bkL`−1c at time t`−1, and fluid policy π is adopted. For ease of presentation,

let

Ak` =
{
i
∣∣∣bkL`ic < bkL(`−1)ic, i ∈M

}
be the set of physical goods that are used to fulfill demand when policy π is adopted during (t`−1, t`].

In the following, we formulate V k
π (t`−1, bkL`−1c) via dynamic programming.

Within each time interval [t`−1, t`), for each physical good i ∈ Ak` , the problem is equivalent to

the one facing a homogeneous Poisson process, denoted as Nk
`i = {Nk

`i(t) : t ≥ 0}, with rate being
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kµi(S`) and unit revenue being pi(S`), until one physical good, say i, first runs out of its inventory

quota, bkL(`−1)ic − bkL`ic. With a slight abuse of notation, let Nk
`i(t, t

′) denote the accumulated

arriving customers of process Nk
`i during the time interval (t, t′]. Consider an arbitrary sample path

of demand when the policy π is applied during (t`−1, t`]. Then either none of the physical goods

within the set Ak` runs out of its quota, or some physical good runs out of its quota before time t`.

We define

Γk`i := inf
{
t : Nk

`i(t`−1, t) = bkL(`−1)ic − bkL`ic
}
, i ∈ Ak` .

Then Γk`i is the time that the inventory level of physical good i first drops to bkL`ic from bkL(`−1)ic.

Naturally, if each physical good i ∈ Ak` has an unlimited quantity to sell, the expected revenue

from policy π during (t`−1, t`] would be

E
{∑
i∈Ak

`

[
pi(S`)N

k
`i(t`−1, t`)

]}
=

m∑
i=1

(
pi(S`)τ

∗(S`)kµi(S`)
)

= kλ
∑
i∈M

∑
j∈N

(
τ∗(S`)Pj(S`)θ̂

∗
ijrj

)
= kλ

∑
j∈N

(
τ∗(S`)rjPj(S`)

)
,

where we use the fact that µi(S`) = 0 ∀i /∈ Ak` . However, given the inventory quota, we know that

the actual expected revenue during (t`−1, t`] is less than the value above. ∀i ∈ Ak` , define

∆R`i := E
{ ∑
j∈Ak

`

[
p̄(S`)N

k
`j(Γ

k
`i, t`)I{Γk

`i≤t`,Γ
k
`i≤Γk

`i′ ∀i
′∈Ak

` ,i
′ 6=i}

]}
,

which is an upper bound for the expected revenue during (t`−1, t`] after physical good i ∈ Ak` first

runs out of its inventory quota. Since the inventory level at time t` is at least bkL`c, we have

V k
π (t`−1, bkL`−1c) ≥ kλ

∑
j∈N

(
τ∗(S`)rjPj(S`)

)
−
∑
i∈Ak

`

∆R`i + V k
π (t`, bkL`c). (24)

Notice that (24) establishes a lower bound for the revenue function V k
π (t`−1, bkL`−1c). We imme-

diately have the following Proposition.

Proposition 3. For any `, ` = 1, 2, . . . ,K, we have

lim
k→∞

{V k
π (t`−1, bkL`−1c)− V k

π (t`, bkL`c)
k

}
≥ λ

∑
j∈N

(
τ∗(S`)rjPj(S`)

)
. (25)

The lower bound for the revenue V k
π can be obtained by adding up all of the K inequalities

shown in (25) together. Using this lower bound, we can then construct a lower bound for the fluid

gap, and establish the major result about the asymptotic optimality of the fluid policy in Theorem

2.
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Theorem 2. If policy π is adopted for the k-scaled problem, the fluid gap is of lower order k; that

is,

lim
k→∞

{Rk∗ − V k
π

k

}
= 0. (26)

Consequently,

lim
k→∞

{V k∗ − V k
π

V k∗

}
= 0. (27)

Note that inequality (27) follows directly from (26) because the fluid gap dominates the revenue

loss. Inequality (27) implies that the relative revenue loss (compared with the MDP revenue) when

applying the fluid policy π, approaches zero when the scale of the problem k is sufficiently large.

In other words, the seller can almost achieve the optimal revenue using the proposed heuristic fluid

policy for systems with large demand rates and inventory levels. The result implies that when

there is a sufficiently high inventory level for each physical good and a sufficiently large number of

arriving customers, the benefit of dynamic control diminishes.

Before concluding this section, we remark that, based on the optimal solution τ∗ of the fluid

control problem, one may develop other heuristic policies as well. For example, motivated by the

PAC policy of Jasin and Kumar (2012), one may develop a probabilistic offering control (POC)

policy as follows. At any time, the seller is suggested to offer each feasible set S with probability

τ∗(S)/T . In a POC policy, the sets are offered more uniformly over time and may lower the variance

of the collected revenue. Following a similar analysis, we can show that the POC policy is also

asymptotically optimal when the scale of the problem k is sufficiently large.

5 A Decomposition Approximation

Although the fluid policy π is asymptotically optimal, it is crude and may not perform well for

small to medium-sized problems that are far from the asymptotic regime. In particular, the fluid

policy is static and lacks the flexibility to match supply with demand dynamically. It also does

not specify the order in which each set S is offered. One can attempt to resolve the fluid control

problem frequently to adjust to changes in remaining inventory and remaining time; however, this

is computationally complex when the number of substitutable products is large. To overcome these

problems, we propose a decomposition approximation of the problem to generate a dynamic control

policy.

Consider the fluid problem (17) – (21). Let w∗ = (w∗1, w
∗
2, . . . , w

∗
m) be the vector of dual prices

associated with the inventory constraint (18). Intuitively, w∗ provides an estimate of the marginal

value of the inventories.

We follow the dynamic programming decomposition approach proposed in the literature (i.e.,

Chapter 3 of Talluri and van Ryzin, 2004a; Liu and van Ryzin, 2008; and Zhang, 2011) and
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decompose the multi-dimensional DP into a collection of single-dimensional DPs. Specifically, let

V (t, y) ≈ Vi(t, yi) +
∑

l∈M,l 6=i
w∗l yl, ∀i ∈M, (28)

Then, for any physical good i with yi > 0, we have the following estimate for the marginal expected

revenue:

V (t, y)− V (t, y − ei) ≈ Vi(t, yi)− Vi(t, yi − 1) := ∆Vi(t, yi),

and for any l 6= i, l ∈M, we have

V (t, y)− V (t, y − el) ≈ w∗l .

Note that Vi(t, yi) is a nonlinear approximation of the value of physical good i and w∗`y` is a

linear approximation of the value of physical good `. Applying the approximation (28) on the

Hamilton-Jacobi equation (6) leads to

−∂Vi(t, yi)
∂t

= max
S⊆N

{∑
j∈N

λPj(S)
[
rj −min

(
∆Vi(t, yi)|aij = 1, min

l 6=i,l∈M,a`j=1
w∗l

)]}
, ∀yi ≥ 1 (29)

with boundary conditions

Vi(T, yi) = 0, ∀yi ≥ 0,

Vi(t, 0) = 0, ∀t ∈ [0, T ].

Note that (29) is a one-dimensional MDP and can be solved efficiently. We apply this approxi-

mation for each physical good and obtain a set of value functions Vi(t, yi), i ∈M.

Results in the linear programming based approximation dynamic programming literature imply

that (28) gives an upper bound to the optimal total expected revenue for each i. This stems from

the fact that (28) is a feasible solution of the linear programming formulation of the dynamic

program; see e.g., Proposition 2 in Zhang and Adelman (2009). We summarize this result in the

following proposition without proof.

Proposition 4. For each physical good i ∈M, we have

R∗ ≥ Vi(0, Qi) +
∑

l∈M,l 6=i
w∗lQl ≥ V0(Q).

It follows that R∗ ≥ R̄ADP ≥ V0(Q), where

R̄ADP := min
i∈M

Vi(0, Qi) +
∑

l∈M,l 6=i
w∗lQl

 .
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Proposition 4 shows that the decomposition heuristic gives an upper bound for each physical

good i ∈ M, which is tighter than the upper bound R∗ from the fluid approximation. Taking a

minimum over i gives the smallest upper bound, R̄ADP , which we call the decomposition bound

in our numerical study. Proposition 2(ii) in Zhang and Adelman (2009) states the result for the

choice-based network revenue management problem without opaque selling. Still, the same proof

can be applied to show the result of Proposition 4.

These approximate value functions can be further combined to form an approximation of the

MDP revenue function V (t, y) as

V (t, y) ≈
∑
i∈M

Vi(t, yi), ∀t ∈ [0, T ], y ∈ [0, Q].

Using this additive approximation, we propose the decomposition policy below to control the

sets being offered over time.

Definition 2. (Decomposition Policy) If the inventory level is y at time t, the seller offers set

S∗, which is obtained by solving the following optimization problem:

S∗ = argmax
S⊆B(y)

{∑
j∈S

λPj(S)
[
rj − min

i∈M,aij=1

(
∆Vi(t, yi)

)]}
. (30)

On the fulfillment side, assign product i∗ to fulfill the demand of product j:

i∗ = argmin
i∈M,aij=1,yi>0

{
∆Vi(t, yi)

}
. (31)

In the following section, we will evaluate the performance of the decomposition policy by con-

ducting numerical experiments.

6 Numerical Studies

In this section, we numerically evaluate the performance of the fluid policy and the decomposition

policy in order to show the profit potential of opaque selling. For ease of illustration, we consider the

Salop Circular Choice Model to characterize the choice behavior of customers. Unlike the original

Salop’s circle model (Salop, 1979) where customers’ valuations are proportional to their arc lengths

to the products, we assume that customers are uniformly distributed on the interior of the circle.

So customers are distributed over a disc instead of along the circle. This allows us to introduce

additional heterogeneity among the customer population. Specifically, the m physical goods are

located, uniformly, over a circle of unit radius; see Figure 1 for an illustration with m = 4 physical

goods where physical goods are represented by points A, B, C, and D. Each potential customer is

represented by a point that is uniformly distributed within the circle. For a customer located at

point P, her utility for a physical good i ∈ {A,B,C,D} is

Ui(P ) = vi − t|Pi|,
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where vi is the maximal utility of physical good i, t is the unit transportation cost, and |Pi| is the

distance between P and i.

We assume customers are risk-neutral towards the uncertain fulfillment. In addition, if a cus-

tomer chooses to buy an OG, she anticipates to receive each physical good contained in the OG

with an equal probability. For example, the customer P’s expected surplus from buying an OG j

that contains physical goods A, B, and C is

Vj(P ) =
∑

i∈{A,B,C}

1

3
(vi − t|Pi|)− rj ,

where rj is the price of OG j. Given an offer set, each customer always chooses the product that

provides the highest expected surplus. Of course, if the net expected surpluses of all the products

are negative, the customer simply leaves empty-handed.
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Figure 1: The Salop Circular Choice Model with m = 4

Note that it is quite difficult to analytically calculate the choice probability Pj(S). Therefore,

we compute choice probabilities via Monte Carlo simulation. Our numerical studies consist of two

sets of experiments. In the first set, we consider m = 3 physical goods and multiple OGs. In the

second set, we consider multiple physical goods m ≥ 3 but a single OG only.

6.1 Multiple OGs (m = 3, n = 7)

In this subsection, we consider a problem with three physical goods and seven products (i.e., m = 3

and n = 7). Note that any combination of physical goods is considered a product, and the number
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of possible offer sets is 2n = 128. The base parameters are set as follows. The selling period

is normalized to T = 1 and the arrival rate of potential customers is set at λ = 400. The unit

transportation cost is set at t = 0.8. The initial inventory level of physical goods, the selling price

of each product, and each physical good’s maximal utility vj , are all listed in Table 1. Note that

we first consider a symmetric scenario in which the physical goods are identical in initial inventory

level and maximal utility. In the pricing scheme, motivated by the pricing mechanism of Eurowings,

the price is decreased by 0.2 for each additional physical good added to an OG.

Table 1: Base Parameters with m = 3 Physical Goods and n = 7 Products

Physical Good, i
Product, j

Qi vi
1 2 3 4 5 6 7

1 1 0 0 1 1 0 1 60 2

2 0 1 0 1 0 1 1 60 2

3 0 0 1 0 1 1 1 60 2

Price, rj 1.5 1.5 1.5 1.3 1.3 1.3 1.1

We conduct a simulation study to evaluate the performance of regular selling (with no OGs)

and opaque selling under different demand loads. For the fluid policy, we solve the fluid control

problem (17)–(21) and offer each set S for a duration τ∗(S). For the decomposition policy, we

use the dual bid-prices from the linear program (17)–(21), and calculate the decomposed value

functions following (29). A time and inventory dependent control policy is computed following

(30). We compute the mean and standard deviation (Std.) for each policy over 1000 simulations.

To reduce the variance for policy comparison, the same set of randomly-generated customer arrivals

are used to simulate different policies. The mean and standard deviation of the seller’s revenue

under regular selling and the two policies are reported in Table 2. The optimal fluid revenue R∗, the

decomposition bound R̄ADP , and the relative revenue improvement of the fluid and decomposition

policies over regular selling are also reported in the table. Note that the improvement (i.e., “Impv.”)

column is measured based on the mean revenues.

Under the parameters for our simulation study, roughly 12% of arriving customers will choose

to buy each physical good under regular selling. Therefore, when λ ≥ 500, almost all the physical

goods can be sold at the full price during the selling horizon under the fluid control problem.

Therefore, one expects that offering OGs adds little value when λ ≥ 500. Table 2 confirms this

intuition: the revenue improvement from opaque selling under both fluid policy and decomposition

policy is more significant when demand is relatively low. This should be contrasted with the

numerical findings in the choice-based network revenue management literature. For example, Liu

and van Ryzin (2008) show that the decomposition heuristic performs better when the load factor
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Table 2: Simulation Results for Different Size of Potential Customers (m = 3, n = 7)

λ R∗ R̄ADP
Regular Selling Fluid Policy Decomposition Policy

Mean Std. Mean Std. Impv. Mean Std. Impv.

300 243.4 242.9 159.3 14.0 222.2 11.0 39.44% 227.4 11.9 42.73%

310 245.5 245.0 164.7 14.2 222.8 11.6 35.28% 231.9 11.9 40.79%

320 247.6 247.1 170.1 15.2 223.5 12.1 31.39% 236.4 11.6 38.96%

330 249.7 249.3 175.0 14.9 225.0 12.0 28.54% 240.7 10.4 37.52%

340 251.9 251.4 180.7 15.9 228.7 13.6 26.52% 244.4 10.1 35.21%

350 254.0 253.5 187.1 15.1 228.5 12.9 22.14% 248.5 8.7 32.84%

360 256.1 255.6 192.5 16.2 230.3 12.4 19.62% 251.2 7.7 30.52%

370 258.2 257.7 196.5 16.1 231.5 11.6 17.83% 253.1 6.4 28.79%

380 260.4 259.8 201.7 16.0 234.0 11.4 16.01% 255.1 5.2 26.44%

390 261.7 260.9 208.5 15.8 246.5 10.6 18.21% 256.8 5.8 23.13%

400 262.4 261.7 212.6 15.5 246.1 10.9 15.75% 257.9 4.8 21.33%

410 263.2 262.4 217.5 15.8 243.5 11.0 11.95% 259.0 4.1 19.06%

420 263.9 263.2 222.8 15.8 248.9 10.8 11.69% 259.2 5.0 16.32%

430 264.6 263.9 225.9 15.9 247.6 11.2 9.60% 259.8 5.0 14.98%

440 265.4 264.6 232.2 14.6 247.0 11.0 6.38% 261.2 4.0 12.49%

450 266.1 265.3 236.3 14.9 248.3 11.4 5.07% 261.8 4.2 10.78%

460 266.8 266.0 240.9 14.6 250.6 11.2 4.04% 262.8 3.8 9.07%

470 267.5 266.7 245.3 13.2 252.4 10.5 2.90% 263.7 3.2 7.54%

480 268.3 267.3 248.1 12.8 252.6 11.3 1.78% 264.3 3.2 6.50%

490 269.0 268.0 251.6 12.5 254.0 11.5 0.98% 264.9 3.1 5.29%

500 269.7 268.6 254.7 11.4 255.1 11.0 0.18% 265.4 3.1 4.20%
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is high. Our result can be explained as follows. With relatively low demand, the seller should try

to sell to each arriving customer by offering OGs. On the contrary, when the demand is high, the

supply becomes tight. Then the seller should sell each product at a high price. Since an OG is sold

at a discount, one can expect that fewer OGs should be offered by the seller when the demand is

high.

Table 2 also uncovers two interesting observations regarding the relative performance of the fluid

policy and the decomposition policy. On the one hand, when the demand load is low, opaque selling

under either the fluid policy or the decomposition policy leads to a significant improvement over

regular selling, which stems from the demand induction effect. On the other hand, Table 2 shows

that when the demand is medium, the decomposition policy leads to a significant improvement over

the fluid policy. For example, when λ = 370, the decomposition policy can improve revenue by

10.96%. However, the advantage of the decomposition policy decreases when the demand load is

low or high. For example, when λ = 300, the decomposition policy only gains 3.29% improvement

over the fluid policy. Furthermore, Table 2 shows that when the demand load is high, the standard

deviation of simulated revenue under the decomposition policy is much lower than that under

regular selling and opaque selling with a fluid policy. This implies that the decomposition policy

performs quite robustly when the demand is relatively high.

Next, we investigate how the degree of inventory imbalance among different physical goods

affects the performance of the fluid policy and the decomposition policy. To do so, we fix λ = 450

and the inventory level of physical good 2 at Q2 = 60. We fix the total inventory level of physical

goods 1 and 3 at Q1 + Q3 = 120 and alter the value of (Q1, Q3). Different inventory levels

for physical goods 1 and 3 represent different degrees of inventory imbalance. For example, an

extremely low (or high) value ofQ1 implies that physical good 1 is understocked (or overstocked) and

physical good 3 is overstocked (or understocked). Because the two physical goods are symmetric,

we only report the results for Q1 ≤ Q3 in Table 3. We observe that the optimal fluid revenue, the

mean revenue from regular selling, the mean revenue from the fluid policy, and the mean revenue

from the decomposition policy all increase in Q1 when Q1 ≤ Q3. This implies that the seller in

general earns lower profits when the inventory levels for physical goods become more imbalanced.

Note that when Q = (60, 60, 60), opaque selling can only generate a small incremental revenue.

However, Table 3 shows that the fluid policy and the decomposition policy can improve the seller’s

revenue substantially when the inventory levels are more imbalanced. This can be attributed to

the fulfillment flexibility rendered by opaque selling. In particular, the seller has the flexibility to

fulfill the demand of opaque goods using the physical good that has a high inventory. Furthermore,

the decomposition policy outperforms the fluid policy quite significantly in all the experiments.

For example, when Q = (10, 60, 110), the decomposition policy can improve revenue from the fluid

policy by 15.24%, which is much higher than the improvement of 5.72% with Q = (60, 60, 60). This

confirms that the decomposition policy adds more value compared with the fluid policy when there
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is a higher degree of inventory imbalance.

Table 3: Simulation Results for Different Inventory Levels

Q R∗ R̄ADP
Regular Selling Fluid Policy Decomposition Policy

Mean Std. Mean Std. Impv. Mean Std. Impv.

(10,60,110) 253.9 253.1 173.0 13.7 224.1 15.2 29.54% 250.5 4.4 44.79%

(15,60,105) 255.9 255.1 181.6 13.9 231.4 14.4 27.43% 252.7 4.2 39.18%

(20,60,100) 258.0 257.1 188.4 13.7 236.1 13.5 25.33% 254.5 4.0 35.09%

(25,60,95) 260.0 259.1 196.6 13.4 241.2 12.3 22.70% 256.5 3.4 30.47%

(30,60,90) 261.4 260.7 204.7 13.5 242.5 12.4 18.46% 257.0 4.8 25.56%

(35,60,85) 262.4 261.8 210.9 13.7 243.2 12.0 15.31% 258.4 4.2 22.52%

(40,60,80) 263.4 262.8 218.4 13.8 243.0 12.5 11.25% 260.0 3.6 19.01%

(45,60,75) 264.4 263.8 225.0 13.7 244.9 11.8 8.86% 260.7 3.6 15.90%

(50,60,70) 265.4 264.7 231.9 13.8 251.1 10.6 8.30% 261.3 4.0 12.71%

(55,60,65) 266.1 265.2 235.8 14.7 249.8 11.4 5.96% 261.9 3.9 11.11%

(60,60,60) 266.1 265.3 236.3 14.9 248.3 11.4 5.07% 261.8 4.2 10.78%

6.2 A Single OG (i.e., n = m+ 1)

The fluid solution suggests that only a limited number of offer sets should be offered in the fluid

control problem, even if the number of possible offer sets is large. This intuition is quite useful

when the number of products is large, because the number of offer sets is given by 2n, which grows

exponentially in n. This motivates us to evaluate the performance of opaque selling with only a

limited number of OGs. In the second set of experiments, besides selling the physical goods, we

consider a single OG, which consists of all the physical goods. That is, the number of products is

n = m+ 1.

We first consider m = 3 physical goods, with all the parameters being the same as those of Table

1, except that products j = 4, 5, 6 are excluded. The simulation results with different λ values are

reported in Table 4. The observations are almost identical to those of Table 2 with n = 7 products.

That is: (i) opaque selling under either the fluid policy or the decomposition policy can lead to

a significant improvement over regular selling, especially when the demand load is low, and (ii)

the decomposition policy may outperform the fluid policy significantly. Interestingly, even though

only a single OG is allowed, the performance of opaque selling is only moderately worse than the

case with four OGs. For example, when λ = 400, restricting to a single OG, reduces revenue by

3.85% (from 246.1 to 236.6) under the fluid policy, and by 3.94% (from 257.9 to 250.3) under the

25



decomposition policy, compared with considering the full set of OGs.

Table 4: Simulation Results for Different Size of Potential Customers (m = 3, n = 4)

λ R∗ R̄ADP
Regular Selling Fluid Policy Decomposition Policy

Mean Std. Mean Std. Impv. Mean Std. Impv.

300 237.5 237.3 159.7 15.3 220.9 11.0 38.33% 235.0 4.4 47.15%

310 239.1 238.9 165.9 14.5 222.9 10.6 34.34% 236.8 4.2 42.70%

320 240.6 240.4 170.9 14.9 224.2 10.8 31.21% 238.1 4.3 39.38%

330 242.1 242.0 174.9 15.0 225.7 10.5 29.04% 239.3 4.3 36.84%

340 243.7 243.6 180.7 14.8 227.3 10.2 25.74% 241.0 4.2 33.33%

350 245.2 245.2 186.3 15.8 228.9 11.0 22.86% 242.5 4.4 30.21%

360 246.7 246.7 193.1 15.2 231.4 10.4 19.85% 244.6 4.2 26.68%

370 248.3 248.3 197.2 16.4 232.0 10.9 17.67% 245.6 4.5 24.56%

380 249.8 249.9 201.9 16.1 233.3 11.2 15.52% 247.0 4.6 22.34%

390 251.4 251.4 207.4 15.8 234.9 11.4 13.23% 248.7 4.3 19.92%

400 252.9 253.0 213.2 15.7 236.6 10.7 10.99% 250.3 4.4 17.44%

410 254.4 254.6 217.3 15.4 238.2 10.8 9.62% 251.6 4.4 15.81%

420 256.0 256.1 223.5 15.6 240.6 11.1 7.62% 253.4 4.4 13.36%

430 257.5 257.7 228.2 15.3 242.0 10.8 6.08% 254.9 4.4 11.73%

440 259.0 259.2 232.1 14.8 243.2 10.8 4.79% 256.2 4.2 10.36%

450 260.6 260.8 235.6 14.4 244.5 11.2 3.76% 257.2 4.3 9.16%

460 262.1 262.4 240.3 13.8 246.2 11.0 2.46% 258.7 4.2 7.67%

470 263.7 263.9 244.8 13.6 248.7 11.3 1.58% 260.1 4.1 6.25%

480 265.2 265.4 247.7 13.1 250.1 11.4 0.95% 261.0 3.9 5.38%

490 266.7 267.0 250.9 12.7 252.3 11.5 0.55% 262.0 3.8 4.41%

500 268.3 268.5 254.2 11.5 254.7 11.0 0.20% 263.0 3.6 3.45%

Next, we vary the number of physical goods. The total inventory is fixed at 180 and the

inventory level of each physical good is taken to be 180/m. The regular selling price of each

physical good is set at 1.5, and the OG is priced at 1.1. All the other parameters are the same as

those in subsection 6.1. A sample of the results are reported in Table 5. The numerical findings are

similar to those of Table 2: opaque selling shows a larger advantage than regular selling when the

demand is relatively low; and the decomposition policy offers a significant improvement over the

fluid policy when the demand is relatively low. Table 5 also shows that the value of opaque selling

diminishes when the number of physical goods increases. For example, when m = 6, the fluid
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policy and the decomposition policy show only a small profit improvement over regular selling for

λ = 300, whereas the improvements under the fluid policy and the decomposition policy are both

above 38% for m = 3 physical goods. This result can be partially explained by the Salop Circular

Choice Model considered in our study. As more physical goods are added to the circle, the seller

provides more options for customers to choose from. Therefore, it is less likely for a customer to

leave empty-handed under regular selling. Consequently, the demand induction effect from selling

OGs diminishes and the incremental revenue from opaque selling decreases. Despite of this effect,

Table 5 shows that selling a single OG can still improve revenue substantially when the demand is

relatively low.

Table 5: Simulation Results for Different Number of Physical Goods

m λ R∗ R̄ADP
Regular Selling Fluid Policy Decomposition Policy

Mean Std. Mean Std. Impv. Mean Std. Impv.

3 260 231.4 231.0 137.5 13.2 214.2 10.4 55.80% 228.7 4.0 66.3%

3 280 234.5 234.2 149.5 14.0 217.7 10.5 45.61% 232.0 4.2 55.1%

3 300 237.5 237.3 159.7 15.3 220.90 11.0 38.33% 235.0 4.4 47.15%

4 260 244.6 244.1 183.8 15.2 223.7 10.9 21.67% 238.7 6.1 29.9%

4 280 248.8 248.4 198.7 16.2 228.8 11.1 15.14% 243.2 6.5 22.4%

4 300 253.1 252.6 212.3 15.8 232.9 11.5 9.69% 247.6 6.2 16.7%

5 260 254.9 254.4 220.2 14.9 233.1 11.8 5.90% 248.3 6.3 12.8%

5 280 260.3 259.7 234.2 13.8 238.9 11.9 2.02% 253.6 5.1 8.3%

5 300 265.6 265.0 245.6 12.0 246.3 11.4 0.30% 257.6 4.0 4.9%

6 260 258.0 257.6 227.2 13.7 234.1 11.6 3.05% 250.1 5.0 10.1%

6 280 263.7 263.3 240.9 12.8 242.2 11.9 0.52% 254.6 4.2 5.7%

6 300 269.1 267.9 250.9 11.2 251.0 11.2 0.02% 257.6 6.4 2.7%

7 Concluding Remarks

This paper studies opaque selling in a revenue management setting where a seller offers multiple

substitutable products in a finite horizon. In addition to selling each physical good, the seller

creates virtual products, called OGs, to offer over time. The seller dynamically controls the offer

set and fulfillment of OGs over time to maximize the expected total revenue. Because the optimal

control policy is too complex to characterize, we study the corresponding fluid control problem and

develop a time-based fluid policy. We show that this heuristic policy is asymptotically optimal; that
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is, its relative revenue loss approaches zero as both demand rate and inventory become sufficiently

large. In order to adjust the control policy with the remaining inventory and remaining selling

time, we propose a decomposition method where the original MDP is decomposed into a collection

of single-dimensional MDPs. We show that decomposition method provides a tighter upper bound

than the fluid control problem for the MDP problem. Our numerical results show that opaque

selling with either the fluid policy or the decomposition policy, has great potential to improve the

seller’s revenue, especially when the demand is relatively low and/or when the seller has imbalanced

inventory for the physical goods. Particularly, the decomposition policy performs much better (in

terms of the expected revenue and the standard deviation) than the fluid policy when the demand

is medium and low. Importantly, this benefit can be achieved with a relatively small collection of

OGs, potentially reducing the burden of implementing the opaque selling strategy.

Product design is typically not considered as a part of revenue management decision, which

tends to be tactical in nature. In the vast majority of revenue management literature, products are

exogenously determined. When opaque selling is considered, a large number of virtual products

can be offered. Our work shows that designing and controlling the virtual products can bring great

benefits to sellers. Creating virtual products is an example of innovative selling strategies with

outsized revenue gains. Another example is flexible products (Gallego and Phillips, 2004, Petrick

et al., 2012). The main difference between flexible products and OGs is the timing of product

fulfillment decision; in our model, it is determined immediately after purchase, while product

assignment for flexible products is determined later (e.g., at the end of the booking horizon). We

hope to see more work along this line in the future.

There are several future research directions. First, prices of OGs are given in our work. It is an

interesting direction to study the dynamic pricing decision with endogenous fulfillment. Second,

our numerical experiments show that opaque selling with a single OG can significantly boost the

revenue under certain conditions. However, whether a small set of OGs suffices remains a question

to be investigated. Third, consumer behavior modeling is an important aspect of the literature on

opaque and/or probabilistic selling. How to incorporate various consumer behavior such as strategic

behavior (e.g., Jerath et al., 2009), bounded rationality (e.g., Huang and Yu, 2014) and collabora-

tion among strategic consumers (e.g., Levina et al., 2015), into our work is another fruitful avenue

of future research. Furthermore, the decomposition heuristic considered in our paper is motivated

by Zhang and Adelman (2009). We point out that there are several related approaches to solv-

ing high-dimensional dynamic programs, such as Lagrangian relaxation (Adelman and Mersereau,

2008; Topaloglu, 2009; Kunnumkal and Talluri, 2016). Even though we do not consider Lagrangian

relaxation in the current paper, it is a direction that deserves investigation to tackle the curse of

dimensionality for the problem in this paper.
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Appendix A: Calculation of the Expected Revenues in the

Stylized Example

Under Policy 1: In the first period, all the physical goods A, B and C are offered.

1. If a type-1 (or type-2) customer arrives in the first period (with probability 0.1), the physical good A

(or B) is sold and the revenue is 1. In the second period, the available physical goods B and C (or A

and C) are offered and the expected revenue is 0.4.

2. If a type-3 customer arrives in the first period (with probability 0.3), the physical good C is sold

and the revenue is 1. In the second period, the available physical goods A and B are offered and the

expected revenue is 0.2.

3. If a type-4 customer arrives in the first period (with probability 0.5), no good is sold in the first period.

In the second period, all the physical goods A, B and C are offered, and the expected revenue is 0.5.

Hence, the total expected revenue collected over two periods is:

0.1× (1 + 0.4)× 2 + 0.3× (1 + 0.2) + 0.5× (0 + 0.5) = 0.89.

Under Policy 2: In the first period, all the physical goods A, B and C, and the OG are offered.

1. If a type-1 (or type-2) customer arrives in the first period (with probability 0.1), the OG is sold (either

A or B is used to fulfill the demand) and the revenue is 0.3. In the second period, the available physical

goods A and C (or B and C) are offered, and the expected revenue is 0.4.

2. If a type-3 customer arrives in the first period (with probability 0.3), the physical good C is sold and

the revenue is 1. In the second period, the physical goods A, B and the OG are offered, and the

expected revenue is 0.7× 0.3 = 0.21.
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3. If a type-4 customer arrives in the first period (with probability 0.5), either A or B is used to fulfill

the demand. In the second period, the physical goods A and C (or B and C) are offered, and the

expected revenue is 0.4.

Hence, the total expected revenue collected over two periods is:

0.1× (0.3 + 0.4)× 2 + 0.3× (1 + 0.21) + 0.5× (0.3 + 0.4) = 0.853.

Under Policy 3: In the first period, all the physical goods A, B and C are offered.

1. If a type-1 (or type-2) customer arrives in the first period (with probability 0.1), the physical good A

(or B) is sold and the revenue is 1. In the second period, the available physical goods B and C (or A

and C) are offered and the expected revenue is 0.4.

2. If a type-3 customer arrives in the first period (with probability 0.3), the physical good C is sold and

the revenue is 1. In the second period, the available physical goods A and B, and the OG are offered,

and the expected revenue is 0.7× 0.3 = 0.21.

3. If a type-4 customer arrives in the first period (with probability 0.5), no good is sold. In the second

period, all the physical goods A, B, C and the OG are offered, and the expected revenue is 0.3× 1 +

0.7× 0.3 = 0.51.

Hence, the total expected revenue collected over two periods is:

0.1× (1 + 0.4)× 2 + 0.3× (1 + 0.21) + 0.5× (0 + 0.51) = 0.898.

Appendix B: Existence and Uniqueness of V (t, y)

The revenue-to-go function and the optimal policy satisfy the Hamilton-Jacobi equation (6) with bound-

ary conditions (4). In the following, we will propose a constructive method to show the existence of V (t, y).

To do so, consider a sequence of problems called (Pk) where k = 0, 1, 2, . . .. For problem (Pk), we artificially

impose a constraint on the original MDP problem – only the first k arriving customers (or less, if that is all

that arrives) are considered as potential buyers, and the (k+1)th or subsequent arrivals are ignored. Denote

the value function of problem (Pk) as Vk(t, y) associated with state y at time t.

Obviously, when k = 0, V0(t, y) = 0 ∀(t, y), 0 ≤ t ≤ T , 0 ≤ y ≤ Q. Given that Vk(t, y) is already known,

Vk+1(t, y) can be determined by the following recursion:

Vk+1(t, y) =

∫ T

t

λe−λ(τ−t)gk(τ, y)ds, (32)

where

gk(τ, y) = max
S⊆B(y)

{∑
j∈N

Pj(S)
[
rj + max

i∈M,aij=1
Vk(τ, y − ei)

]
+ P0(S)Vk(τ, y)

}
. (33)

In addition, a terminal condition Vk+1(T, y) = 0 is required to well define Vk+1(t, y).

The value function Vk(t, y) constructed above has some nice structural properties, which help us obtain

one of our main results about the unique existence of the revenue-to-go function.

Proposition 5. For any state (t, y), 0 ≤ y ≤ Q and 0 ≤ t ≤ T , the value function of problem (Pk) has the

following structural properties:
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(i) Vk(t, y) is increasing in k;

(ii) Vk(t, y) is bounded for each k, in particular, Vk(t, y) ≤ r̄
∑m
i=1 yi, where r̄ := maxj∈N rj is the maxi-

mum selling price of all the products.

(iii) Vk(t, y) has a limit when k goes to infinity.

Proof. We prove (i) and (ii) by induction.

(i) Because V0(t, y) = 0, it is trivial that V1(t, y) ≥ 0 from (32). Therefore, V1(t, y) ≥ V0(t, y). Suppose

Vk+1(t, y) ≥ Vk(t, y) for k ≥ 0 and ∀y. Consider Vk+2(t, y). By the induction hypothesis, we can easily show

that gk+1(τ, y) ≥ gk(τ, y) ∀τ ∈ [t, T ] and Vk+2(t, y) ≥ Vk+1(t, y) follows immediately by (32).

(ii) When k = 0, we have V0(t, y) = 0 ≤ r̄
∑m
i=1 yi. Suppose Vk(t, y) ≤ r̄

∑m
i=1 yi for k ≥ 0 and ∀y.

Because rj ≤ r̄ ∀j = 1, 2, . . . , n, one can check that,

rj + max
i∈M,aij=1

Vk(t, y − ei) ≤ rj + max
i∈M,aij=1

r̄
( m∑
`=1

y` − 1
)
≤ r̄

m∑
i=1

yi.

Substituting the above inequality into (33), we can show that gk(τ, y) ≤ r̄
∑m
i=1 yi. Consequently,

Vk+1(t, y) ≤
∫ T

t

(
λe−λ(τ−t)r̄

m∑
i=1

yi

)
dτ = [1− e−λ(T−t)]r̄

m∑
i=1

yi < r̄

m∑
i=1

yi.

As a bounded monotone sequence converges, (iii) follows directly from (i) and (ii).

Proposition 5 means that for any state (t, y), the value function Vk(t, y), k = 0, 1, 2, . . ., is an increasing

and bounded sequence. By the monotone convergence theorem (e.g., Kubrusly, 2015), we know that the

value function Vk(t, y) converges when k is sufficiently large. In particular, the following theorem shows that

Vk(t, y) actually converges to the revenue-to-go function of the original MDP problem as k goes to infinity.

Theorem 3. For any state (t, y), with 0 ≤ y ≤ Q and 0 ≤ t ≤ T , we have:

V (t, y) = lim
k→∞

Vk(t, y). (34)

Proof. (a) We first show that ∀k ≥ 0, V (t, y) ≥ Vk(t, y). This is obviously true for k = 0. Suppose the

inequality holds for k ≥ 0. Then gk(τ, y) ≤ g(τ, y) ∀(τ, y). By comparing the value functions (8) and (33),

we have

Vk+1(t, y) =

∫ T

t

λe−λ(τ−t)gk(τ, y)dτ ≤
∫ T

t

λe−λ(τ−t)g(τ, y)ds = V (t, y).

As the above inequality holds for any sufficiently large k, we conclude that

lim
k→∞

Vk(t, y) ≤ V (t, y). (35)

(b) Let Jk(u,Θ)(t, y) be the expected revenue for problem (Pk) under a given control policy (u,Θ). Clearly,

Jk(u,Θ)(t, y) ≤ sup
(u,Θ)∈U

Jk(u,Θ)(t, y) = Vk(t, y).

Let J(u,Θ)(t, y, ω) be the revenue for the original MDP model under the policy (u,Θ) on sample path ω,

Jk(u,Θ)(t, y, ω) be the revenue for problem (Pk) under the policy (u,Θ) on sample path ω, and A(ω) be the
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total number of arrivals in [t, T ] on sample path ω. Then,

J(u,Θ)(t, y) = E[J(u,Θ)(t, y, ω)]

= E[J(u,Θ)(t, y, ω)I{A(ω)>k}] + E[J(u,Θ)(t, y, ω)I{A(ω)≤k}]

= E[J(u,Θ)(t, y, ω)I{A(ω)>k}] + E[Jk(u,Θ)(t, y, ω)I{A(ω)≤k}].

Similarly,

Jk(u,Θ)(t, y) = E[Jk(u,Θ)(t, y, ω)]

= E[Jk(u,Θ)(t, y, ω)I{A(ω)>k}] + E[Jk(u,Θ)(t, y, ω)I{A(ω)≤k}].

Therefore,

J(u,Θ)(t, y) = Jk(u,Θ)(t, y) + E[Ju(t, y, ω)I{A(ω)>k}]− E[Jk(u,Θ)(t, y, ω)I{A(ω)>k}]

≤ Jk(u,Θ)(t, y) + E[|J(u,Θ)(t, y, ω)|I{A(ω)>k}] + E[|Jk(u,Θ)(t, y, ω)|I{A(ω)>k}].

Clearly, |J(u,Θ)(t, y, ω)| ≤ r̄A(ω) and |Jk(u,Θ)(t, y, ω)| ≤ r̄A(ω). Therefore,

J(u,Θ)(t, y) ≤ Jk(u,Θ)(t, y) + 2r̄E[A(ω)I{A(ω)>k}]

≤ Vk(t, y) + 2r̄E[A(ω)I{A(ω)>k}]. (36)

Note that the above inequality holds for any k ≥ 0; i.e., it also holds when k is sufficiently large. By letting

k →∞ in (36), we have

J(u,Θ)(t, y) ≤ lim
k→∞

{
Vk(t, y) + 2r̄E[A(ω)I{A(ω)>k}]

}
= lim
k→∞

Vk(t, y),

where we have used the fact that limk→∞ E[A(ω)I{A(ω)>k}] = 0 because E[A(ω)] <∞. Given that (u,Θ) is

an arbitrary policy, we have

V (t, y) = sup
(u,Θ)∈U

J(u,Θ)(t, y) ≤ lim
k→∞

Vk(t, y). (37)

By (35) and (37), it must be true that V (t, y) = lim
k→∞

Vk(t, y). This completes the proof.

Theorem 3 suggests a way to construct a solution for the MDP problem from the sequence of problems

(Pk). At any state (t, y), starting from k = 0, we can obtain Vk+1(t, y) using the recursive formulae (32)–(33)

until k is sufficiently large. Then Vk+1(t, y) is a good approximation for the revenue-to-go function, V (t, y),

for the MDP problem. Note that the limit of Vk(t, y) as k goes to infinity is uniquely determined in the way

the sequence of problems (Pk) is constructed. Therefore, the optimal revenue function for the MDP problem

not only exists, but is unique.

Appendix C: Proofs

Proof of Proposition 1. For any feasible solution (u, Θ̂) of problem (9)–(10), let

θ̂ij =

∑
S

∫ T
0

[ut(S)Pj(S)θ̂tij ]dt∑
S

∫ T
0

[ut(S)Pj(S)]dt
, ∀i ∈M, j ∈ N .
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Clearly, we have 0 ≤ θ̂ij ≤ 1. In particular, for any j ∈ N :

∑
i∈M

aij θ̂ij =

∑
S

∫ T
0

(
ut(S)Pj(S)

∑
i∈M[aij θ̂

t
ij ]
)
dt∑

S

∫ T
0

[ut(S)Pj(S)]dt
= 1.

Therefore, (θ̂ij)m×n is a feasible solution for the fluid control problem. Consequently, one can always

transform any time-varying fulfillment policy into an equivalent policy that is independent of time.

Proof of Proposition 2. Consider an arbitrary pair of (i, j), such that i, j ∈M, i 6= j. Recall that τ∗({i})
(or τ∗({j})) denotes the length of time that a single physical good i (or j) is offered. For any optimal solution

in which τ∗({i}) and τ∗({j}) are both positive, let

δ3 = min
( Pi({i})
Pi({i, j})

τ∗({i}), Pj({j})
Pj({i, j})

τ∗({j})
)
, δ1 =

Pi({i, j})
Pi({i})

δ3, and δ2 =
Pj({i, j})
Pj({j})

δ3.

Clearly, δ1 = τ∗({i}) or δ2 = τ∗({j}) will hold. We can easily show that

δ1 + δ2 =
(Pi({i, j})
Pi({i})

+
Pj({i, j})
Pj({j})

)
δ3 ≥

( Pi({i, j})
Pi({i, j}) + Pj({i, j})

+
Pj({i, j})

Pi({i, j}) + Pj({i, j})

)
δ3 = δ3,

where the inequality follows from the demand dilution effect.

We now construct another solution, denoted by (τ̃ , θ̂∗), which differs from (τ∗, θ̂∗) in that τ̃({i}) =

τ∗({i}) − δ1, τ̃({j}) = τ∗({j}) − δ2, and τ̃({i, j}) = τ∗({i, j}) + δ3 (τ̃(S) = τ∗(S) for all other non-empty

set S). One can easily check that the solution τ̃ is also feasible for the fluid program (12)–(16), and the

corresponding fluid revenue is the same as that under the solution τ∗. Therefore, the solution τ̃ , in which

τ̃({i})× τ̃({j}) = 0, is also optimal for problem (12)–(16).

Proof of Theorem 1. Define process Y = {Y (t) : 0 ≤ t ≤ T} where Y (t) = (Y1(t), . . . , Ym(t)) represents

the vector of inventory state at time t. Consider an arbitrary Markovian policy (u,Θ) for the MDP problem

(5), let u = {ut = f1(t, Y (t−)) : 0 ≤ t ≤ T} where ut(S) = f1(S; t, Y (t−)) be the control of set S ⊆ N , and

let Θ = {Θt = f2(t, Y (t−) : 0 ≤ t ≤ T ) where θtij = f2(i, j; t, Y (t−)) be the control of product assignment

for i ∈ M, j ∈ N . (Note that Y (t−) represents the left limit of Y (t) at time t.) Define a solution, denoted

as (τ̂ , X̂), for the fluid control problem (17)–(21), where

τ̂(S) := E
{∫ T

0

f1(S; t, Y (t−))dt
}

=

∫ T

0

E[f1(S; t, Y (t−))]dt, ∀S ⊆ N ,

X̂ij(S) := E
{∫ T

0

f1(S; t, Y (t−))f2(i, j; t, Y (t−))dt
}

=

∫ T

0

E[f1(S; t, Y (t−))f2(i, j; t, Y (t−))]dt, ∀S ⊆ N , i ∈M, j ∈ N .

It’s not difficult to show that the solution (τ̂ , X̂) defined above satisfies conditions (18)–(21) considering

the fact that the Markovian policy (u,Θ) satisfies condition (1).

Given that customers arrive according to a Poisson process, we know that process D̂(u,Θ) = {D̂(t, u,Θ) :

0 ≤ t ≤ T} is a martingale, where

D̂j(t, u,Θ) = Dj(t, u,Θ)−
∫ t

0

λ
∑
S

[ut(S)Pj(S)]ds, t ≥ 0, j ∈ N .
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As such,

J(u,Θ)(0, Q) = E
{∑
j∈N

∫ T

0

rjdDj(τ, u,Θ)
}

= E
{∑
j∈N

∫ T

0

rjλ
∑
S

[ut(S)Pj(S)]dt
}

=
∑
S

∑
j∈N

∫ T

0

λrjE[f1(S; t, Y (t−))]Pj(S)dt.

Clearly, we have J(u,Θ)(0, Q) ≤ R∗ because J(u,Θ)(0, Q) equals to the revenue function of the fluid control

problem (17)–(21) under solution (τ̂ , X̂). By letting the Markovian policy (u,Θ) be the optimal solution to

the MDP problem, we arrive at the conclusion that V ∗ ≤ R∗ accordingly.

To prove Proposition 3, we first present the following technical lemma.

Lemma 2. Let Xk be the time at which a homogeneous Poisson process with intensity kµ first reaches level

kq, µ, q > 0, k = 1, 2, . . .. We then have

Xk =
q

µ
+

1

µ

√
q

k
Zk, (38)

where Zk
d−→ Z, the standard normal random variable, when k goes to infinity.

Proof. For each fixed k ≥ 1, let {Xk,j : j ≥ 1} be a sequence of i.i.d. exponential random variables with

mean 1
kµ . Then we have

Xk =

kq∑
j=1

Xk,j .

Define

Zk,j =

√
kµ2

q

(
Xk,j − 1

kµ

)
.

Then {Zk,j , k = 1, 2, . . . , j = 1, 2, . . . , kq} is a triangular array that satisfies the following properties:

(1) For each k, Zk,1, Zk,2, . . ., Zk,kq are mutually independent;

(2) E[Zk,j ] = 0 for each k ≥ 1 and j ≤ kq.

(3)
∑kq
j=1 E[(Zk,j)2] = 1.

Since Xk,j ∼ Poisson( 1
kµ ), we have

E[Xk,j ] =
1

kµ
, E[(Xk,j)2] =

2

(kµ)2
, E[(Xk,j)3] =

6

(kµ)3
.

Therefore,

E
[∣∣∣Xk,j − 1

kµ

∣∣∣3] = E
[(
Xk,j − 1

kµ

)3]
+ 2

∫ 1
kµ

0

(
1

kµ
− x)3kµe−kµxdx

=
12e−1 − 2

(kµ)3
.
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As a result, the following Lyapunov condition holds:

lim
k→∞

{ kq∑
j=1

E[|Zk,j |3]
}

= lim
k→∞

{
kq
(kµ2

q

)3/2

× 12e−1 − 2

(kµ)3

}
= 0.

By Lyapunov’s Theorem (see Durrett 2010, p.113), we conclude that Zk =
∑kq
j=1 Z

k,j converges in distribu-

tion to a standard normal random variable. Thus (38) is derived.

Proof of Proposition 3. We first characterize the structure of Γk`i. By its definition, clearly, Γk`i − t`−1

is a Gamma random variable with shape parameter bkL(`−1)ic − bkL`ic and scale parameter 1
kµi(S`)

(i.e., a

sum of bkL(`−1)ic− bkL`ic i.i.d. exponential random variables with mean 1
kµi(S`)

). By the technical Lemma

2, we can express Γk`i as follows:

Γk`i = t`−1 +
bkL(`−1)ic − bkL`ic

kµi(S`)
+

Zk`i
kµi(S`)

√
bkL(`−1)ic − bkL`ic, i ∈ Ak`i, (39)

where Zk`i converges in distribution to a standard normal distribution Z, denoted as Zk`i
d−→ Z. Equation

(39) shows that Γk`i comprises two parts, a deterministic component representing the expected time it takes

for the inventory level of product i to first reach the target level bkL`ic, and a random component denoted

by ∆Γk`i:

∆Γk`i =
Zk`i

kµi(S`)

√
bkL(`−1)ic − bkL`ic.

For a sufficiently large k, we have:

lim
k→∞

{
∆Γk`i

}
= lim
k→∞

{ Zk`i√
kµi(S`)

√
L(`−1)i − L`i

}
d−→ lim

k→∞

{ Z√
kµi(S`)

√
L(`−1)i − L`i

}
.

That is, ∆Γk`i is of order 1√
k

and is therefore equal to zero with probability 1. As a result, we have

lim
k→∞

{Γk`i}
d−→ t`−1 +

L(`−1)i − L`i
µi(S`)

= t`−1 + τ∗(S) = t`

with probability 1.

To prove inequality (25), we only need to show that ∆R`i is of a lower order k; that is,

lim
k→∞

{∆R`i
k

}
= 0, i ∈ Ak` . (40)

Recall that ∆R`i corresponds to the scenario in which the inventory level of physical good i contained in S`

first drops to bkL`ic before time t` and prior to all other physical goods. By its formulation, we have

∆R`i ≤ E
{ ∑
j∈Ak`

[
p̄(S`)N

k
`j(Γ

k
`i ∧ t`, t`)

]}
=

∑
j∈N

{
p̄(S`)kµj(S`)E

[
t` − Γk`i ∧ t`

]}
= k

∑
j∈N

{
p̄(S`)µj(S`)E

[
t` − Γk`i

]+}
.

Therefore,

lim
k→∞

{∆R`i
k

}
≤ lim
k→∞

{∑
j∈N

p̄(S`)µj(S`)E
[
t` − Γk`i

]+}
=
∑
j∈N

(
p̄(S`)µj(S`)

)
lim
k→∞

{
E
[
−∆Γk`i

]+}
= 0,
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where we have used Zk`i
d−→ Z, supk E[−Zk`i]2 = 1, and E[−Z]+ = 1√

2π
. This completes the proof of (40).

Proof of Theorem 2. Starting from time t0 = 0 and inventory level being kL0 = kQ, we have

V kπ = V kπ (t0, kL0) =

K∑
`=1

[
V kπ (t`−1, bkL`−1c)− V kπ (t`, bkL`c)

]
+ V kπ (tn, bkLnc).

By Proposition 3, we have

lim
k→∞

{V kπ
k

}
≥ lim
k→∞

{ K∑
`=1

∑
j∈N

(
λτ∗(S`)rjPj(S`)

)
+
V kπ (tK , bkLnc)

k

}
≥

K∑
`=1

∑
j∈N

(
λτ∗(S`)rjPj(S`)

)
= R∗,

from which we arrive at (26), because Rk∗ = kR∗ and V kπ ≤ V k∗ ≤ Rk∗. Consequently,

lim
k→∞

{V k∗ − V kπ
V k∗

}
≤ lim
k→∞

{Rk∗ − V kπ
Rk∗

}
=

1

R∗
lim
k→∞

{kR∗ − V kπ
k

}
= 0,

which arrives at (27).
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