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We consider the simultaneous seat-inventory control of a set of parallel ﬂights between a common origin and destination
with dynamic customer choice among the ﬂights. We formulate the problem as an extension of the classic multiperiod,
single-ﬂight “block demand” revenue management model. The resulting Markov decision process is quite complex, owing to
its multidimensional state space and the fact that the airline’s inventory controls do affect the distribution of demand. Using
stochastic comparisons, consumer-choice models, and inventory-pooling ideas, we derive easily computable upper and lower
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1. Introduction

customers want to ﬂy on the ﬂight later in the day, and that
they are inﬂexible regarding this preference. Suppose that,
on the other hand, low-fare customers are essentially indifferent between the ﬂights and are willing to ﬂy on either
one. In such a case, the airline should shut off low-fare
ticket sales on the later ﬂight while keeping many low-fare
tickets available for the earlier one. This will allow the airline to sell tickets to low-fare customers on the early ﬂight
without displacing high-fare customers on the later ﬂight.
Note that this is a different issue than that mentioned above,
whereby customers select among different ticket types on
a particular ﬂight. Alternatively, as described in Karaesman
and van Ryzin (2004), the airline might oversell the earlier
ﬂight and bump (at a cost) customers to the later ﬂight. We
do not consider such methods in this paper.
Currently available models do not provide a formal
method for addressing problems where customers choose
among parallel ﬂights. Our Markov decision process
(MDP) modeling approach to such problems is an extension
of that in which there are sequentially realized “blocks” of
demand for each ticket class. We employ a vector-valued
state variable (with one entry per ﬂight), and for any given
period (i.e., block) we allow the distribution of sales for
each ﬂight to depend upon the booking limits in effect for
all ﬂights. This setup allows for fairly general customer
dynamics within a period.
Because there is quite a large body of work on revenue management, we limit the scope of our literature
review to variants of the expected marginal seat revenue
(EMSR) model, which employ the aforementioned blockdemand setup. We will also describe some recent work that

Airline revenue management involves dynamically controlling the availability and prices of many different classes
of tickets to maximize revenues. Despite the vast technical literature on the subject of revenue management, relatively few papers explicitly model the interaction between
the random demand for tickets and the seller’s choice of
booking policy. In fact, the majority of work assumes that
the distribution of demand for the various ticket types is
exogenously determined, and is therefore not affected by
the booking policy (of course, all models do assume that
the policy does affect which ticket requests are accepted).
Among the papers that do attempt to capture behavioral
effects, most are concerned with how the customers decide
which type of ticket to buy for a single speciﬁed ﬂight,
given the availability of the various tickets for the particular
ﬂight in question.
In this paper, we consider a different issue, namely, how
to select booking limits when the airline has many ﬂights
between a particular origin and destination within a short
timespan. A check of airline schedules (using, e.g., online
services such as Orbitz or Travelocity) shows that this scenario occurs frequently in the real world. We focus on the
situation in which customers select among these “parallel”
ﬂights. In particular, we address what Belobaba (1989) calls
“horizontal shifts” of passengers to different ﬂights but the
same fare class.
To see the importance of this scenario, consider an airline that has two ﬂights per day between cities A and B.
Suppose that the airline sells two classes of tickets (high
fare and low fare) on each ﬂight, that nearly all high-fare
415
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explicitly models customer choice behavior in various settings. For an overall survey of the ﬁeld of revenue management, we refer the reader to McGill and van Ryzin (1999)
or Boyd and Bilegan (2003).
1.1. Literature Review
In some of the earliest revenue-management work,
Littlewood (1972) describes a simple technique for setting a booking limit on the number of low-fare tickets
available for sale in a problem with two fare classes for
a single-leg ﬂight. Later, Belobaba (1989) considers the
case with multiple (more than two) booking classes. Subsequently, a number of authors have developed a framework
for determining booking limits for a single-leg ﬂight with m
mutually independent demand classes that arrive in sequential blocks. Hereafter, we will term models that employ
variations of the sequential-block-of-demand assumption as
EMSR-type models. Although the block-demand assumption is not entirely realistic, these models have, in fact,
proved to be useful ingredients in real-world revenue management systems.
Li and Oum (2002) discuss the rough equivalence of
the optimality conditions of Brumelle and McGill (1993),
Curry (1990), and Wollmer (1992), who all derive optimal policies for EMSR-type models under slightly varying assumptions. Robinson (1995) extends the analysis to
blocks of arrivals with fares that need not be monotonically
increasing. Several papers consider the interaction between
stochastically dependent booking classes. For instance,
Brumelle et al. (1990) consider two possibly dependent
booking classes, and derive optimality conditions under
mild assumptions on the dependence structure. Cooper and
Gupta (2005) employ stochastic order relations to investigate, among other things, the effect of stochastic dependence on total expected revenue.
Lautenbacher and Stidham (1999) model the booking
control problem on a single-leg ﬂight as an MDP. They
establish the connection between EMSR-type models and
other one-arrival-per-period MDPs. Their analysis conﬁrms that for a wide class of seat management problems,
a booking-limit policy is indeed optimal. (Implicit in some
earlier work is the consideration of only booking-limit
policies. Under more general models of the customer
arrival process, there typically will be non-booking-limit
policies that outperform any booking-limit policy—see,
e.g., Chatwin (1998). Nevertheless, booking-limit policies
continue to dominate airline practice because many distribution channels allow only these types of policies. Consequently, one could reasonably argue that the formulation
of the problem should indeed require the selection of a
booking-limit policy.) In the model described in this paper,
we consider only booking-limit policies.
As mentioned earlier, relatively few papers consider
customer-choice behavior in the revenue management literature. Talluri and van Ryzin (2004) analyze an MDP formulation of a single-leg problem with customer choice among
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the open fare classes. They show that an optimal policy can
be found by searching over a relatively small class of policies, and provide conditions under which there is an optimal nested booking-limit policy for the problem with customer choice. Zhao and Zheng (2001) consider a two-class
single-ﬂight model with ﬂexible customers, and formulate the problem as an optimal stopping model. Belobaba
and Weatherford (1996) propose corrections to the EMSR
heuristics in the presence of customer diversion. The abovementioned paper of Brumelle et al. (1990), in which dependent demands are analyzed, also models the “sell-up” phenomenon, whereby closing Class-2 ticket sales may cause
some would-be Class-2 customers to purchase Class-1 tickets. Hence, the booking policy does induce changes in
demand distribution for Class 1. This portion of their study
formalizes an earlier analysis of Belobaba (1989). Other
papers that model diversion from one class to another
include Pfeifer (1989) and Bodily and Weatherford (1995).
Several recent papers in the inventory control literature
consider customer-choice behavior in retail situations.
Mahajan and van Ryzin (2001b) analyze the problem of
optimizing inventory levels of substitutable products under
dynamic consumer substitution. Smith and Agrawal (2000)
study the effect of substitution on demand and address the
issue of jointly setting stocking levels under a Markovian
choice model. In these models where dynamic customer
behavior is taken into account, exact analysis has proved to
be difﬁcult, causing authors to seek effective approximation
methods.
Shumsky and Zhang (2004) consider a multiperiod
capacity allocation model with multiple classes and service upgrading. In their model, inventory is differentiated
(in terms of product or service quality), and the demand of
a lower-class customer may be satisﬁed by a product that
is one level higher in each period. In contrast to our work,
they assume that prices of different products are stationary
across periods, and allow the allocation in each period to
be made after observing demand in that period. Their main
focus is how much unsatisﬁed lower-class demand should
be upgraded (or alternatively, how much higher-class inventory can be allocated to lower-class demand).
Netessine and Shumsky (2004) formulate a gametheoretic version of the single-leg airline revenue management problem assuming two airlines are in competition, and
the demand of one airline depends on the booking policy
of the other airline. They provide conditions under which a
Nash equilibrium (in booking limits) exists under assumptions on consumer substitution patterns. They also consider
a centralized model where the two ﬂights are assumed to
be owned by one airline. Their centralized model is somewhat similar in spirit to the model considered in our paper,
although their focus is to compare the system-optimal controls from the centralized solution with the competitive
outcome.
Many MDP models, including the one considered here,
are too complex for exact solution or even for storage of
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an optimal policy. Consequently, it is of particular interest to develop methods to solve MDPs approximately—
and this is the approach we take in this paper. For
an overview of approximation methods for MDPs, see
Bertsekas and Tsitsiklis (1996). A slightly different idea is
that of Müller (1997), who investigates how the value function of an MDP changes when the transition probability
distributions are changed and all the other model parameters remain the same. He employs stochastic order relations to establish the monotonicity of value functions of
MDPs with respect to changes in transition probabilities.
This allows one to generate bounds on the value function of
the MDP; however, he does not discuss using such bounds
as an ingredient in a computational procedure. White and
Schlussel (1981) present bounds and approximation procedures for so-called multimodule MDPs, which possess
vector state spaces for which each element of the vector
evolves independently, and each module is interconnected
only through the cost structure. The problem we consider in
this paper does not fall into this category. Lovejoy (1986)
considers a slightly different problem, and proposes several
approaches to generate bounds for the optimal policy.
1.2. Overview of Results and Outline
In this paper, we consider the seat-inventory control of multiple parallel single-leg ﬂights in the presence of dynamic
customer-choice behavior. The objective is to maximize the
expected total revenue over all the ﬂights. We formulate the
problem as an MDP.
In our MDP formulation, we assume that the demand
in each period on each ﬂight depends on the numbers of
open seats on all the ﬂights. We then derive separable upper
and lower bounds using stochastic comparison results and
dynamic programming principles. We adopt a customerchoice model that assumes that the choice outcome of
each customer is determined by a preference mapping
together with the inventory availability. Within a ﬁxed
period, the choice model we employ is equivalent to the
one developed by Mahajan and van Ryzin (2001a, b). However, we emphasize a preference ordering as the starting
point, whereas their starting point is a utility-maximization
assumption. One difference is that we consider a multiperiod model; whereas Mahajan and van Ryzin study a
single-period model (in a different problem context).
The bounds we develop, however, are not limited to the
particular choice model, and are applicable to other settings,
as long as certain assumptions are satisﬁed. In addition,
we develop another upper bound using inventory-pooling
ideas. Because the MDP is computationally intractable, we
propose several solution approaches for our model and test
them with numerical examples. Some of these approaches
are based upon value-function approximations derived from
the upper and lower bounds. Others involve a modiﬁcation
of a well-known linear programming formulation for network revenue management problems. Broadly speaking, the
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solution techniques involve simulation-based methods for
approximately solving high-dimensional MDPs.
In summary, the primary contributions of this paper
are (1) formulation of the revenue management problem for parallel ﬂights in the presence of customerchoice behavior, (2) development of upper and lower
bounds for the value function of the MDP, (3) description of linear-programming-based heuristics, (4) proposal
of simulation-based solution techniques for the problem,
and (5) discussion of numerical work that shows the proposed approaches are promising.
The remainder of the paper is organized as follows: Section 2 provides the basic formulation. Section 3 develops
upper and lower bounds for the value function. Section 4
describes static and dynamic booking-limit policies. Section 5 introduces another upper bound from inventory pooling. Section 6 describes a choice model and relates it to the
developments in §§2–5. Section 7 describes Some approximate solution procedures. Section 8 provides the linear
programming formulation. Section 9 includes numerical
results. Section 10 contains closing remarks.

2. Markov Decision Process Formulation
Throughout, we use superscripts to denote components of
a vector and subscripts to denote time; i is a vector whose
ith element is one and all other elements are zeros, and 0
is a vector with all zeros. The dimensions of vectors should
be evident from the context.
We consider the booking control of multiple parallel
single-leg ﬂights between a common origin and destination. Let N = 1     n be the set of n ﬂights. The initial
capacity of ﬂight i is c i ; i = 1     n. Let c denote the
n-vector with entries c i . The seats on each ﬂight can be sold
to m possible classes. Note that we assume that the number
of fare classes is the same on all ﬂights. The fare for class-j
is fj . The m classes arrive in distinct time periods, with
class-j demand arriving in period j. If one wants to allow,
say, class Y to arrive both before and after class Z, then we
simply relabel the classes as Y , Z, and Y  to put the problem
into this context. Therefore, if an airline has 10 actual booking classes, then m could be larger than 10. As we move
closer to the time of departure, the time index decreases, so
the ﬁrst time period is t = m, and the last is t = 1.
Within a time period, we assume that customers choose
among the ﬂights (or decide not to purchase) dynamically
according to some choice model; however, we delay the
description of any particular choice model to §6, because
such speciﬁc information is not needed at this point. We
do not consider the situation where customers select what
class of ticket to purchase—rather, our model takes class
to be exogenous. Although one could certainly object to
this assumption, it is important to point out that most existing models also make the same assumption. Those that
do allow choice behavior for class typically do not allow
choice among ﬂights. Belobaba (1989) brieﬂy alludes to
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such horizontal shifts of passengers to different ﬂights, but
the same fare class. However, he does not describe solution
approaches for the problem.
We formulate the booking control problem as an MDP.
At time t, a state s represents the number of seats sold prior
to time t. Here, s is an n-vector, and the ith component s i
is the number of seats sold prior to time t on ﬂight i. For
each period, we must select an action. The actions we consider are the number of seats to be open for sale on each
ﬂight at the beginning of the period. Let x be the (integer) n-vector of the numbers of open seats in period t. We
require that 0  xi  c i − s i for i = 1     n. Formally, the
action space for state s is given by x ∈ n  0  x  c − s ,
where the inequalities should be interpreted componentwise. (Throughout, inequalities involving vectors should be
interpreted componentwise.) Sometimes we will refer to an
action x as an initial availability vector for period t.
Let Qti be the integer-valued (random) demand for ﬂight i
in period t—shortly, we shall say more precisely what
this means. Assume that conditional upon action x being
selected in period t, the random n-vector Qt is independent
of the “past history” of the process. However, the conditional distribution of Qt , given an action x, does depend
upon x. Let Fxt · denote this n-dimensional conditional
distribution function. In other words, if for i = 1     n we
make xi seats available for ﬂight i in period t, then the vector of demand will have conditional distribution Fxt ·. At
this juncture, it is important to note that by allowing this
distribution to depend upon x, we are allowing demand to
depend upon seat availability in a rather general manner.
As we pointed out earlier, few revenue management models
have previously allowed any such interactions.
Let Xt denote the action selected for period t. To simplify developments below, let Qt x denote a random
vector with distribution Fxt ·; i.e., PQt  q  Xt = x =
PQt x  q = Fxt q. Note that Qti x, the demand for
ﬂight i when the action is x, depends not only on the number of seats open for ﬂight i, but also on the availabilities for the other ﬂights as well. In addition, we do allow
individual components, say Qti x and Qtj x, to be dependent—this allows us to model the interactions of availability and demand across ﬂights. For a generic
function g,

we
shall
use
the
notation
EgQ
x
for
gq
dFxt q =
t
q

q gqPQt x = q.
When action x is selected in period t and Qt = q, the
period-t revenue on ﬂight i is

For each i, Qti x can be interpreted as the number of
sales that would result for ﬂight i if there were inﬁnitely
many seats available for ﬂight i, and xj seats available
for each ﬂight j = i. This notion is somewhat related to
so-called unconstrained demand, which can be roughly
deﬁned as sales that would accrue if there were enough
capacity on ﬂight i to satisfy all incoming customers.
Within a period the dynamics whereby a choice of action x
combines with “randomness” to yield a realization of Qt x
can be quite complicated—this is the subject of §6.
One might argue that it is more desirable to use the sales
in period t as the basic random quantity, rather than to
go through Qt x, because Qt x may be hard to identify
in practice. That is, instead of having a quantity Qt x,
one could
 start by deﬁning the single-period revenue to
be E ni=1 ft Yti x, where the basic random quantity is a
sales vector Yt x that should, of course, satisfy P0 
Yt x  x = 1. However, any such problem can be transformed into our framework, because Yt x = minx Yt x
componentwise under the assumption P0  Yt x  x = 1.
In other words, if one wants to deﬁne Qt x to be sales
rather than demand, it will be consistent with our mathematical setup. We take Qt x as described above as a starting
point for our model, because it gives us a simple correspondence between the model with and without choice behavior.
Note that without choice behavior, Qti x = Qti is indeed
what is typically called the demand for ﬂight i in period t.
A policy  prescribes the number of seats to be open
on each ﬂight in each period as a function of the booking
history up to the time in question. We shall, without loss
of optimality, restrict our attention to Markovian policies;
i.e., those policies that base decisions upon only the current
state (see Puterman 1994). Let ut s denote the expected
total revenue from periods t to 1 under policy  given the
state at the beginning of period t is s. Then,
 t


rk Xk  Qk  
(3)
ut s = Es

rti xi  q i  = ft minxi  q i 

Well-known results from MDP theory (see, for instance,
Puterman 1994) show that the problem can be reduced to
that of iteratively solving the optimality equations

(1)

where minxi  q i is the sales for ﬂight i in period t. The
total one-period revenue is
rt x q =

n

i=1

rti xi  q i 

(2)

Likewise, the expected revenue in period t, conditional
upon the use of action x in period t, is given by
Ert x Qt x.

k=1

Here Es denotes expectation with respect to the distribution
induced by policy  when the state at time t is s. The
objective of the MDP is to maximize the expected total
revenue; i.e., to maximize um 0. Let vt s be the maximum
expected revenue obtainable from periods t to 1 given that
the state at the beginning of period t is s; that is,
vt s = max ut s


(4)

vt s = max Ert x Qt x + vt−1 minx Qt x + s
0xc−s

t = 1     m (5)
and v0 s = 0; s ∈ 0 1     c 1 × · · · × 0 1     c n .
Before we proceed, observe that if we take n = 1 and
assume that the distribution of Qt x does not depend
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upon x, then we get a model like those reviewed in
Lautenbacher and Stidham (1999) and Li and Oum (2002).
In principle, one could implement an optimal policy by
storing, for each s and t, a maximizing action from (5).
Upon entry into a state s at time t, one would then need
only look up the appropriate action. For moderately large n,
however, the formulation above is rendered intractable by
the well-known curse of dimensionality. Consider a case
with n = 10 ﬂights of 100 seats each and m = 10 time periods. For each given time t and state s, we need to solve
a potentially difﬁcult integer program. However, even if
we were able to compute an optimal policy, storing it in
a “look-up table” would require keeping track of 10110 ×
10 ≈ 1021 actions. On the other hand, if we have 10 separate
ﬂights each with 100 seats and no choice behavior (so there
are 10 decoupled problems), then we need only store 10 ×
101 × 10 ≈ 104 actions (without exploiting any of the savings from the existence of structured optimal policies in the
decoupled case). So, the inclusion of the customer-choice
aspect moves the problem from computationally “easy” to
intractable.
A signiﬁcant portion of the remainder of the paper
will be devoted to coming up with good (but suboptimal) policies that can be both computed and stored. Sections 3–6 focus on theoretical aspects of the problem.
For instance, in §3, we derive separable upper and lower
bounds for the value function. To apply the bounds, we
need to ﬁnd certain bounding sequences for the demands.
We show how this can be done for a general choice
model in §6. Sections 7–9 describe numerical examples and
heuristic solution approaches (some based on ideas from
§§3–6). Ultimately, we will focus on two general classes
of approaches. In one, we provide methods for determining
so-called static booking-limit policies, which require storage of just a few predetermined parameters (the booking
limits). In the other, we describe techniques for obtaining
easily computable approximations to the value function,
which subsequently allow us to compute actions “on the
ﬂy”—so, there is no look-up table, but rather the action for
a particular state is computed upon entry into the state in
question.

3. Upper and Lower Bounds
In this section, we derive upper and lower bounds for the
value function (4). To this end, recall that random variable X is stochastically smaller than random variable Y
(written X st Y ) means EgX  EgY  for all increasing functions g for which the expectations exist. Equivalently, PX  x  PY  x for all x (see, e.g., Müller and
Stoyan 2002). Let integer-valued random vectors Qt  t =
1     m (respectively, Qt  t = 1     m ) be such that
Q1      Qm  (respectively, Q1      Qm ) are independent.
Moreover, suppose that
Qti

st Qti x st

Qti

for all x ∈ 0 1     c
n

1

× · · · × 0 1     c  i ∈ N  t = 1     m

Note that the distributions of Qt and Qt do not depend
upon the action x. We will consider two separate MDPs
for each ﬂight using demand sequences Qt  t = 1     m
and Qt  t = 1     m . We follow the time convention
and fare structure as in §2. In subsequent sections, we
will describe methods to construct Qt  t = 1     m and
Qt  t = 1     m for particular choice models.
Let v̄ti s i  be the maximum expected revenue obtainable
from periods t to 1 on ﬂight i where the demand in period k
is Qki for k = 1     t and the number of seats sold before
time t is s i . The MDP optimality equation for ﬂight i is
v̄ti s i  =

i
max Erti xi  Qti  + v̄t−1
minxi  Qti + s i 

0xi c i −s i

t = 1     m (6)
and v̄0i s i  = 0; s i ∈ 0 1     c i . Similarly, let vti s i  be
the maximum expected revenue obtainable from periods t
to 1 on ﬂight i where the demand in period k is Qki for
k = 1     t and the number of seats sold before time t
is s i . The MDP optimality equation for ﬂight i is



 
i
min xi  Qti + s i 
vti s i  = max E rti xi  Qti + vt−1
0xi c i −s i

t = 1     m (7)
and v0i s i  = 0; s i ∈ 0 1     c i .
We will make use of the following result, which is a
special case of Proposition 4 in Cooper and Gupta (2005),
several times throughout the remainder of the paper.
Proposition 1. Consider a single-ﬂight MDP with no
choice behavior, (one-dimensional) demand sequence Dt 
t = 1     m , and seat capacity #. Let wt · be the associated one-dimensional value function. That is, wt · satisﬁes
wt s = max0x#−s Eft minx Dt + wt−1 minx Dt + s.
Similarly, consider a single-ﬂight MDP with no choice
behavior, demand sequence Dt  t = 1     m , and
capacity #, with associated value function wt ·. Assume
that demand distributions do not depend upon the actions
selected. If Dt st Dt for all t, then wt s  wt s for all t
and s.
The following proposition is the main result of this section. As described in the previous section, the upper and
lower bounds given below are simple to compute.


Proposition 2. ni=1 vti s i   vt s  ni=1 v̄ti s i  for t =
1     m.
Proof. The proof is by induction. For t = 1, we have
v1 s = max E
0xc−s

n

i=1

f1 minxi  Q1i x 

and
n
n


v̄1i s i  =
max Ef1 minxi  Q1i
i=1

i=1

0xi c i −s i

= max E
0xc−s

n

i=1

f1 minxi  Q1i 

(8)

Zhang and Cooper: Revenue Management for Parallel Flights with Customer-Choice Behavior

420
n

i=1

Operations Research 53(3), pp. 415–431, © 2005 INFORMS

v1i s i  =

n

i=1

max Ef1 min xi  Q1i

0xi c i −s i

= max E
0xc−s

n

i=1

f1 min xi  Q1i 

(9)

The ﬁnal equalities in (8) and (9) hold because Q1 and
Q1 do not depend on x. Because Q1i st Q1i x st Q1i and
i
i
f1 minxi  q1i is increasing

n ini qi1 for all x , it follows that
n
i
i
i=1 v1 s   v1 s 
i=1 v̄1 s , thereby completing the
base case.
For the inductive step, we assume for t  2 that
n

i=1

i
vt−1
s i   vt−1 s 

n

i=1

0xc−s

i=1


 max E
0xc−s

n

i=1

+



n

i=1

i=1


+vt−1 minxQt x +s


 max E
0xc−s

n

i=1

n



i
vt−1
minxi Qti x +s i 

i=1

=

rti xi Qti x

n


v̂ti s i  

n

i=1

vti s i 

In the above, the ﬁrst inequality follows from inductive
hypothesis, and the third inequality follows from Proposition 1. This completes the proof. 


i
v̄t−1
minxi Qti x +s i 

i
Erti x̃i Qti x̃+ v̄t−1
minx̃i Qti x̃

rti xi Qti x

i=1

i=1

n


rti xi Qti x

n


i
 E rti  xi Qti  x+ vt−1
minxi Qti  x +s i 



i=1

i=1

0xc−s

n


+

+vt−1 minxQt x +s

=

vt s = max E

i=1

Then, using the induction hypothesis, we have
n
 i i i
rt x Qt x
vt s = max E

n




i
v̄t−1
s i 

for all s. Fix s and let
n 

i
rti xi Qti x+ v̄t−1
x̃ ∈ argmax E
minxi Qti x +s i  
0xc−s

Note that from (11), the value of xi is determined by
i
vt−1
·, the value of which does not depend on Qti .
Hence, for each i, xi depends upon the distributions of
i
Qt−1
 Q1i , but does not depend upon the distribution
i
of Qt . Consequently, xi also maximizes Erti y i Qti  x+
i
vt−1
miny i Qti  x +s i  over y i ∈ 01c i −s i . Let
i i
v̂t s  denote the value function of a t-period onedimensional MDP with no choice behavior that has demand
i
vector Qti  x Qt−1
 Q1i . We now have

It is also possible to obtain other bounds for vt . In §5,
we describe an upper bound based upon inventory pooling.
For another lower bound, deﬁne

i

+s 


max E rti y i Qti x̃


Wtx s = E rt ax s Qt ax s 

0y i c i −s i

i
+ v̄t−1
miny i Qti x̃ +s i  

(10)

Now consider a t-period one-dimensional MDP without
choice behavior (i.e., with demand independent of action)
i
that has demand vector Qti x̃ Qt−1
 Q1i . Let ṽti s i 
denote the value function of this MDP. Observe that the
ith term in the summation (10) is precisely ṽti s i . Proposition 1 now implies that
 the ith term is bounded above by
v̄ti s i . Hence, vt s  ni=1 v̄ti s i . This completes the proof
of the upper bound.
Next, we prove the lower bound. Let
i
i
xi = min 0  k  c i −s i  ft < vt−1
s i +k− vt−1
s i +k+1 
(11)

By Theorem 4 and Corollary 2 of Lautenbacher and
Stidham (1999),
 
 i 

xi ∈ argmax E rti xi  Qti + vt−1
min xi  Qti +s i 
0xi c i −s i

i = 1n

x
+Wt−1
minax s Qt ax s  +s 

t = 1m

where axs = minxc −s and W0x s = 0. Let

x
Wt s = max E rt xQt x+Wt−1
minxQt x +s 
0xc−s

(12)
It is straightforward to verify that Wt s  vt s. Intuitively, Wt s represents the situation where seat availability remains unchanged (with the exception that we do not
oversell capacity) in periods t1. In our experience with
small numerical examples, (12) can be either larger or
smaller than the lower bound in Proposition 2. However,
the bounds in Proposition 2 are much easier to compute.
Indeed, the maximization in (12) becomes intractable for
large s, rendering (12) useless in such cases. In fact, exact
evaluation of Wt s requires roughly the same amount of
computational effort as solving the multidimensional MDP
exactly.
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4. Booking Limits: Static Versus Dynamic
As described by Lautenbacher and Stidham (1999) and others, there is an optimal policy for models without customer
choice with an appealing simple form. For our purposes,
these results imply that an optimal policy  i for ﬂight i of
the lower-bound problem (given by the maximizers in (7))
can be determined by a sequence b1i b2i bmi  as follows:
ti s i  = bti −s i + 

(13)

That is, if the state is s i at time t for the one-dimensional
problem with demand process Qti , it is optimal to
make bti −s i + seats available. See, e.g., Lautenbacher
and Stidham (1999) for more on how to compute
b1i b2i bmi . The existence of optimal policies of this
type for the standard no-choice single-leg model allows one
to store an optimal policy in terms of just m parameters.
In our formulation (4)–(5), we consider only bookinglimit policies; implementing action x in state s gives a
vector of booking limits of s +x. We can divide the class
of booking-limit policies into what we shall term static
booking-limit policies and dynamic booking-limit policies.
A static booking-limit policy  b is a policy of the form
 b it s = bti −s i + 

(14)

where b is a matrix whose itth element is the booking
limit for ﬂight i in period t. Expression (14) means that
at time t and state s, the policy  b makes bti −s i + seats
available for ﬂight i; i = 1n. The modiﬁer “static” captures the fact that the matrix b is ﬁxed (and determined
ahead of time). Policies that are not of this type we shall
term dynamic booking-limit policies. Using this terminology, we can restate the result above as follows: Singleleg problems have an optimal static booking-limit policy.
Unfortunately, this is not the case when we have choice
behavior, as the following example shows.
Example 1. Consider a deterministic problem with two
ﬂights, each of which has two seats. There are more than
two periods. In Period 2, there is one customer, who is willing to purchase a seat only on Flight 2. In Period 1, there
are two customers, each of whom strictly prefers seats on
Flight 1, but is willing to accept seats on Flight 2. Using
the terminology of §2, we have
Q2 x = 01


20
Q1 x = 21


22

Period 2 is x = 01. That is, only Flight 2 will be open
and we will accept at most one booking. If instead the number of remaining seats is 02 (i.e., if the state is 20),
then the optimal action is 00—i.e., both ﬂights should be
closed. Hence, the optimal policy is not a static bookinglimit policy.
The following example shows that the value function is
not componentwise concave (for one-dimensional problems
without choice behavior, the value function is concave).
Example 2. Consider the last period of a deterministic
problem with two ﬂights each with seat capacity 3. Suppose
that the fare is f1 = 100. There are two customer arrivals
in the period. The ﬁrst customer prefers Flight 1, but is
willing to accept seats on Flight 2. The second customer is
only willing to accept seats on Flight 1. The order of arrival
matters. If the number of remaining seats is 01 (i.e., if
the state is 32), then the total number of sales is 1, so
v1 32 = 100. If the number of remaining seats is 11
(i.e., if the state is 22), then the total number of sales
is 1 and v1 22 = 100. If the number of remaining seats
is 21 (i.e., if the state is 12), then the total number of
sales is 2 and v1 12 = 200. Therefore, the value function
is not componentwise concave. Because v1 02 = 200, it
is also not componentwise convex.
Given the simplicity of static booking-limit policies, it
is of general interest to ask whether or not there are good
policies within this narrow class. The following proposition says that the expected revenue from the simple static
booking-limit policy (13) described above is at least as
good as the optimal expected revenue for the lower-bound

problem. Let ut s be the expected revenue from using
the booking limits from the lower-bound problem as an
operating policy for periods tt −11 in the actual problem; i.e., t s = t1 s 1 tn s n —see (3), (4), (7),
b
and (13). Let vtb s = supb ut s be the maximum expected
revenue possible from a static booking-limit policy.


Proposition 3. ni=1 vti s i   ut s  vtb s  vt s.
Proof. The third inequality follows immediately from (4).
The second inequality follows immediately from the deﬁnition of vtb s. Therefore, it remains only to prove the ﬁrst
inequality. This is done by induction. For t = 1,


1

if x  2
if x1 = 1
if x1 = 0

Let the fare in Period 2 be f2 = 50, and the fare in Period 1
be f1 = 100. At the start of Period 2, if there are, respectively, one and two remaining seats on Flights 1 and 2
(i.e., if the state is 10), then the optimal action in

u1 s = E
E

n

i=1
n

i=1

f1 minc i −s i Q1i c −s
f1 min c i −s i  Q1i =

n

i=1

v1i s i 

For the inductive step, assume that


ut−1 s 

n

i=1

i
vt−1
s i 
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Let v̂ti s i  be the value function of t-period one-dimensional
MDP with no choice behavior that has demand vector
i
 Q1i . Then,
Qti bt −s+  Qt−1
n


ft minbti −s i + Qti bt −s+ 
ut s = E
i=1


+ut−1 minbt −s+ Qt bt −s+ 



n

i=1


+s

=

n

i=1

v̂ti s i  

n

i=1

+s

vti s i 

In the above, the ﬁrst inequality follows from the induction
hypothesis, and the second inequality follows from Proposition 1. 

5. Inventory Pooling
In this section, we describe how to obtain a different upper bound based upon inventory pooling. Let
Yti x ≡ minxi Qti x be the random sales made for
the ith ﬂight in period t in the original
with
n problem
p
i
x
≡
Y
x.
Observe
seat allocation x, 
and deﬁne
Y
i=1 t
 t

p
that Yt x  min ni=1 xi  ni=1 Qi x  ni=1 xi . Hence, for
each x, we have
n

 i p
p
x Yt x 
(15)
Yt x = min
p

n

i=1

Let c = i=1 c i be the total capacity of the n ﬂights,
and suppose that there exists an integer-valued random
p
variable Dt that satisﬁes Yt x st Dt for all x. The
random variable Dt can be interpreted as the number
of customers that are interested in buying a ticket in
period t. In the next section, we provide a construcp
tion consistent with this interpretation. Let vt · be the
MDP value function of the pooled problem, in which we
have one ﬂight with capacity c p and independent onep
dimensional demand sequence Dt . That is, vt · satisp
p
ﬁes vt k = max0zcp −k Eft minzDt +vt−1 minzDt +
k, where k and z are integer scalars.
p 
Proposition 4. For each t, we have vt  ni=1 s i   vt s for
all s.
Proof. The proof is by induction. The statement holds
for t = 1. For the inductive step,
 assume that the result
p
is true for t −1; that is, vt−1  ni=1 s i   vt−1 s for all s =
an arbitrary state vector s =
s 1 s n . Next, consider

s 1 s n  and let s p = ni=1 s i . By the induction hypothesis,
n

 i
vt s = max E
ft Yt x+vt−1 Yt x+s
0xc−s

i=1

p

 max Eft Ytp x+vt−1 Ytp x+s p 
0xc−s

p

= Eft Ytp x̃+vt−1 Ytp x̃+s p 


n

 i p
x̃ Yt x̃
vt s  E ft min
i=1

p
+vt−1





min

n

i=1




x̃

i

Ytp x̃

+s

p



i
i
i
Because
n i 0 p x̃ p c −s for i = 1n, it follows that 0 
i=1 x̃  c −s . Hence, from the above we have

Eft minbti −s i + Qti bt −s+ 
i
+ vt−1
minbt −s+ Qt bt −s+ 

where x̃ is the maximizer in (16). Relation (15) now implies

(16)


E ft minzYtp x̃
vt s  max
p
p
0zc −s

p

(17)

p

(18)

+vt−1 minzYtp x̃ +s p 

 max
E ft minzDt
p
p
0zc −s

+vt−1 minzDt +s p 
= vtp s p 

where Inequality (18) follows from Proposition 1. Observe
that the maximizations in (17) and (18) are over onedimensional sets. The ﬁnal equality above is simply the
optimality equation for the pooled problem. 
Before we proceed, it is tempting to consider the control
strategy whereby total availability for all ﬂights combined
is given by the maximizer in (18). However, this is not
allowed in formulation (5), because (5) assumes that the
distribution of Qt x is induced by an initial availability x.
In fact, the formulation can be extended in some cases (e.g.,
when the choice model in §6 is in place) to allow strategies
of this form. However, in several of our test problems, the
method implied by the maximization in (18) does not perform as well as other heuristics (please refer to §9, where
the “pooled inventory” policy is called PBL, for details).

6. A Choice Model
In this section, we describe a customer-choice model, and
we show how to derive from it upper and lower bounds
on the distribution of Qt x as needed to apply the results
of §3. We also identify Dt as needed for Proposition 4. The
developments also show us how to, in principle, derive the
distributions Fxt · of Qt x from other more basic quantities that reﬂect consumers’ underlying preferences. In addition, we provide a formal description of “demand” when
consumer choice is affected by availability.
6.1. The Model
We study the customer-choice process in a generic booking
period, so we suppress the subscript t in this section. We
will focus on how the choice of initial availability vector x
(recall x is an action) affects customer behavior.
Assume that customers arrive randomly throughout the
period. Let N0 = 01n and M = 12n+1 . The
elements of N0 represent the different ﬂights, and 0 denotes
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the no-purchase option. A one-to-one mapping , N0 → M
for which ,0 = 1 is called a preference mapping. Each
arriving customer is assumed to have such a mapping,
which he uses to decide what (if anything) to purchase. The
preference mapping of a customer is determined before he
observes the inventory availability. For kl ∈ N0 , we say that
ﬂight k is preferred to l if ,k < ,l. The requirement
,0 = 1 means that no customer’s most preferred option is
not to purchase a ticket. The requirement that a preference
mapping is one to one ensures that each customer has strict
preference order among the ﬂights (and the no-purchase
option). This model is essentially equivalent to ones that
use random utility maximization as a starting point (see,
e.g., Mahajan and van Ryzin 2001b, §2.2.1).
Let D be an almost surely ﬁnite nonnegative integervalued random variable that represents the total number of
customer arrivals in period t. For each k, let .k denote the
random preference mapping of the kth arriving customer.
The basic random quantity is D.k  k ∈ + . We assume
that the distribution of D.k  k ∈ +  is not affected by
the inventory policy or the initial condition at the beginning
of period t. The distributions of these vectors in different
time periods are independent (this is needed for us to have
an MDP). However, for a ﬁxed period t, we allow a completely arbitrary dependence structure in the joint distribution of D.k  k ∈ + .
For availability n-vector y, deﬁne Ay = i y i > 0 ∪0
to be the set of available ﬂights and the no-purchase option
when the availability vector is y. A customer who has preference mapping , and who arrives to ﬁnd availability vector y will make the choice
1y, = argmin ,i

(19)

i∈Ay

Note that 1y, depends on y only through Ay. The
choice of customer k (i.e., the ﬂight on which k buys a
ticket) is 2kx = 1Xx k.k , where Xx k is the availability vector faced by customer k when the initial inventory
allocation is x. The sequence Xx k satisﬁes the recursion
Xx k+1 = Xx k−2kx 

k = 1D

(20)

with the boundary condition Xx 1 = x. The total sales on
ﬂight i can be expressed as
i

Y x =

D

k=1

However, there are reasonable and realistic choice models that are not covered by the above framework. For example, psychologists have shown that when facing too many
options, people may defer their decision or search for new
options (see, e.g., Iyengar and Lepper 2000). In one of their
studies (involving jars of jam), nearly 30% of customers
who are provided with a limited number of choices subsequently make a purchase, whereas only 3% of customers
who are given an extensive number of options do so. In
such a case, a customer’s preference may not be established before he observes the available choices. It should
be pointed out that the results and the solution methodology presented in this paper do not depend upon a particular
choice model; the setup described in this section is just one
case where our results apply.
6.2. What Is Demand?
Revenue managers often use the term “unconstrained demand” to, in some sense, mean pure demand. Owing to the
interaction among multiple ﬂights, it is not altogether clear
what these terms mean in situations when choice behavior
is present. In this section, we provide one deﬁnition that is
consistent with our earlier developments. In the following,
the demand distribution on ﬂight i does not depend on the
seat availability on ﬂight i, and depends only on the seat
availability on all the other ﬂights. So, what is demand
when there is choice behavior?
Deﬁne
Qi x =

D

k=1

1Xx+i k.k  = i 

In the above, x +i is the vector x with the ith element xi replaced by . We call Qi x the demand for
ﬂight i. By (21), Qi x = Y i x +i . In other words,
Qi x is the sales on ﬂight i if the number of seats allocated on ﬂight i is inﬁnite and the seat allocation is xj
on each ﬂight j = i. Observe that Qi x does not depend
upon xi , but it does, however, depend upon the other entries
j
j
of x via Xx+
i 1 = x ; j = i. Expression (22) gives us
a pathwise deﬁnition, where the random variables Qi x
are deﬁned on the same probability space as the process
D.k  k ∈ + . This allows computation of the distributions of Qx through the formula


2kx = i 

(21)

The choice model complies with the basic consumer
sovereignty property (see McFadden 2000) in economics,
which states that preferences are predetermined in any
choice situation, and do not depend upon the alternatives
available for selection. As mentioned in the introduction,
the setup above is equivalent to that described by Mahajan and van Ryzin (2001a, b). As shown by Mahajan and
van Ryzin, it subsumes a variety of models in the literature.

(22)

Fxt q = P

D

k=1


1Xx+i k.k  = i  q 3 i = 1n 
i

(23)

The extent to which this computation is simple or not
depends upon the probabilistic assumptions we place upon
the underlying space. For more on this, see Mahajan and
van Ryzin (2001a, b), who describe how many tractable
models can indeed be put into this framework.
We next demonstrate that Qi x as deﬁned in (22) is
consistent with our earlier use of the symbol in §§2–5.
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Speciﬁcally, we show that sales can be expressed as the
minimum of demand and the number of open seats as in
expressions (1)–(2).
Lemma 1. Y i x = minxi Qi x , where Y i x is deﬁned
by (21) and Qi x is deﬁned by (22).
Proof. By (22), we have
Qi x =

D

k=1

=

1Xx+i k.k  = i

D 

k=1

1Xx+i k.k  = i Xxi k > 0

+1Xx+i k.k  = i Xxi k = 0
= Y i x+

D

k=1

 1Xx+i k.k  = i  Xxi k = 0 
(24)

In the above, the last equality follows because
1Xx+i k.k  = 1Xx k.k 
when Xxi k > 0. Note also that
Y i x =

D

k=1

=

D

k=1

1Xx k.k  = i
1Xx k.k  = i Xxi k > 0 

In (24), observe that if Y i x < xi , then Xxi k > 0 for all k.
Consequently, Y i x = Qi x < xi . Similarly, if Y i x = xi ,
then Qi x  Y i x = xi . This completes the proof. 
Before we proceed, it is worth pointing out there certainly could be other reasonable deﬁnitions of demand.
From the standpoint of the models described in this paper,
the key requirement is that (1)–(2) make sense in conjunction with the deﬁnition. This also points out the generality of the framework developed in §3, because the results
there do not depend upon the particular details that give
rise to Qx.
We are now ready to derive upper and lower bounds on
demand as needed to apply the results of §3 to the choice
model described in §6.1. Let
Di =

D

k=1

.k i = 1

and

Di = Qi 0

(25)
(26)


Observe that D = ni=1 Di . We now have the following
pathwise inequalities.
Lemma 2. Di  Qi x  Di for all x.

D
i
i
i
Proof. First
D note that D = Q 0 = k=1 10+ 
.k  = i = k=1 .k i < .k 0 . The result now follows immediately from the fact that .k i = 1 
1Xx+i .k  = i  .k i < .k 0 . 
In the above, note that both Di and Di are random variables whose distribution is determined by exogenous choice
process characteristics. We can now apply the result of §3
to obtain bounds for the value of the MDP for the choice
models of this section. To this end, let Dt  t = 1m
and Dt  t = 1m be the lower and upper bounds for
demand in periods t = 1m. Clearly, these sequences
satisfy the conditions needed for Qt and Qt in Proposition 2 (see, e.g., Theorem 1.2.4 of Müller and Stoyan
2002), thereby yielding the following result.
Proposition 5. For each i = 1n, construct an MDP
for ﬂight i with demand sequence Dti  t = 1m (respectively, Dti  t = 1m ), and denote
funcn thei value
i i
i i
i
tion
v
s

(respectively,
v̄
s
).
Then,
v
s


v
s

t
i=1 t
t
n ti i
v̄
s

for
t
=
1m.
i=1 t
It is also evident that Qi x, Y i x; i = 1n and D
described in §§6.1 and 6.2 satisfy the conditions needed to
apply Proposition 4. Therefore, the pooled upper bound is
applicable to the choice model of §6.
p
The relationship between vt in Proposition 4 and the
upper bound in Proposition 5 depends upon the particulars
of a given problem. To see this, note that the bound from
the pooled problem is tight when there is full substitution
(i.e., when .k 0 = n+1 for all k)—provided the original
formulation is extended to allow such pooling policies and
the deﬁnition of the “set of available ﬂights” in §6.1 is
suitably modiﬁed. The upper bound in Proposition 5 is tight
when there is no substitution (.k 0 = 2 for all k).

7. Solution Approaches
Because the state and action spaces are very large, exact
solution of the MDP in §2 is, for practical purposes, impossible for moderate-sized problems. Consequently, we seek
to identify heuristic methods that perform reasonably well.
One simple heuristic method for our problem is to use the
policy derived from the lower-bound booking limits. We
showed in Proposition 3 that the expected revenue from
following this policy is at least as large
 as the lower bound
for the optimal expected revenue ni=1 vmi 0. In numerical experiments, we have observed that the lower-bound
booking-limit policy outperforms other simple bookinglimit policies (upper-bound booking-limit policy, hybrid
booking-limit policy from lower- and upper-bound booking limits). So, we will use the lower-bound booking-limit
policy as a baseline in our numerical example section.
7.1. Approximation Using Upper and
Lower Bounds
In this section, we discuss how to approximate the value
function using a weighted average of the upper and lower
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bounds. The approximation scheme takes the following
form:
n

ṽt s = 4i stv̄ti s i +1−4i stvti s i 
(27)
i=1

Alternatively, we could use the upper bound from the
pooled problem instead of the separable upper bound. We
will only discuss in detail approximation (27).
For j = 1n, we have
5j ṽt s = ṽt s− ṽt s +j 

= 4i st−4i s +j tv̄ti s i − vti s i 
i=j

+4j stv̄tj s j −4j s +j tv̄tj s j +1
+1−4j stvtj s j 
−1−4j s +j tvtj s j +1
If we assume that 4i st and 4i s +j t are very close,
then the above suggests the approximation
5j ṽt s ≈ 4j st5v̄tj s j +1−4j st5vtj s j 

(28)

When we use approximation scheme (27), expression (28)
represents the approximate marginal value of a seat on
ﬂight j as determined by a weighted sum of the upperbound marginal value 5v̄tj s j  and lower-bound marginal
value 5vtj s j .
The choice of 4i st will greatly affect the performance
of our approximation. In our numerical experiments, constant weights, independent of state and time, work reasonably well. We will return to this issue in §9.
7.2. Static Booking-Limit Policy from
Approximate Marginal Value
In (28), if we choose constant weight, then 5j ṽt s does
not depend on the value of s i for i = j. In this case, let
5ṽtj s j  ≡ 5j ṽt s = 45v̄tj s j +1−45vtj s j 
A booking limit for ﬂight j in period t,
mined by
j
s j  > ft 
btj = min0  s j  c j  5ṽt−1

btj ,

(29)

can be deter(30)

The method for determining booking limits in (30) is motivated by the results from single-ﬂight revenue management models with no choice behavior. Note that absent
customer-choice behavior, the marginal value given by (29)
is exact, and (30) determines optimal booking limits (see
Lautenbacher and Stidham 1999). With customer choice,
choosing a “good” weight 4 is crucial for determining good
booking limits. Alternatively, we can employ a heuristic
search procedure by varying the weight 4, computing the
corresponding booking limits according to (30), then evaluating (via simulation) the resulting policies, and keeping the
best one. The method is viable because the simulation step
usually can be done very quickly even for big problems.
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The algorithm can be summarized as follows:
1. Initialize: set b ∗ = 0, v∗ = 0.
2. Fix 0  4  4  1 and 6 > 0. For 4 = 4 to 4 with step
size 6 do the following:
(a) For j = 1n and t = 0m−1, calculate the
approximate marginal values 5ṽtj · using (29).
(b) For j = 1n and t = 1m, determine the booking limit on ﬂight j in period t by
j
s j  > ft 
btj = min 0  s j  c j  5ṽt−1

(c) Let  b be the static booking-limit policy where
 b jt s = btj −s j + . Simulate the policy  b for l
replications and record the average total revenue
from all the ﬂights as v̂. Then, v̂ is an estimator for
b
um 0.
(d) If v̂ > v∗ , then v∗ = v̂ and b ∗ = b.
The output of the algorithm is a booking-limit matrix b ∗ ,
which is used to implement a static booking-limit policy.
Note also that the algorithm is run “ofﬂine” before the start
of the booking horizon.
In the simplest form of the algorithm, we have used
lower and upper limits 4 = 0 and 4 = 1, with a step size 6
between 001 and 005. The range of the weight may be
reduced by preprocessing. For instance, one preprocessing method is to ﬁrst run the algorithm with large 6 (say
 Subsequently, a
6 = 01) and observe the best weight 4.
small step size can then be used to rerun the algorithm

around a small range that contains 4.
7.3. Dynamic Booking-Limit Policy from
Approximate Marginal Value
The algorithm presented in §7.2 can also be used to derive
a dynamic booking-limit policy if the algorithm is applied
“on the ﬂy” to the remaining t-period problem upon entry
into each time period t. In this case, the weight is adjusted
upon entry into each time period. This version of the
method takes into account the state and time, and therefore
has the potential of generating a better control policy. At the
beginning of each time t in the booking process, observe
the state st , and run the algorithm in §7.2 on the remaining
t-period problem. The output of the algorithm is used to
control bookings in period t according to xt = bt∗ −st + .
Observe that for each t the algorithm chooses an action
for period t based upon the idea that it will use a static
booking-limit policy from that time forward. However, this
is not the case, because in subsequent periods the algorithm
is run again. This is consistent with the basic philosophy
of many real-world revenue management systems in which
actions are selected by the repeated resolving of a particular
formulation throughout the booking process.
It is possible to combine value function approximation
and optimization techniques to compute actions on the ﬂy
in other ways as well. At the beginning of each period t,
if we are in state s, we consider the following optimization
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problem:
max Ert xQt x+ ṽt−1 minxQt x +s

0xc−s

(31)

where ṽt−1 · could be (27) or any other approximation.
The optimization problem in (31) can be solved approximately via heuristic search or simulation-based optimization. The resulting action can then be used to control the
booking process in period t.
The method, however, performed poorly in most of our
test problems (we do not report the numerical results here).
The solution to (31) only provides an action for the current period, and thus fails to take into account the impact
of future actions on value function approximation. This is
different from the algorithm in §7.2, which does take into
account the impact of future actions through the simulation
procedure that iterates through values of 4. As a result, the
policy suggested by the method is, in a sense, myopic; the
approximation error is accumulated period by period, and
eventually leads to the large performance gaps observed in
our numerical study. Furthermore, the method cannot be
applied to certain situations where our model assumptions
are violated. For instance, if the assumption that different
fare classes arrive in distinct time periods is violated, it is
necessary to set a booking limit for each fare class instead
of just setting a booking limit for the current booking class
(see, e.g., Belobaba 1989, p. 184).

8. Deterministic Linear Programming
Formulation
One widely used solution approach in revenue management is deterministic linear programming. For an m-period
problem with n single-leg ﬂights and no choice behavior,
one would need to solve n independent linear programming
problems to get a seat allocation on each ﬂight. For comparison purposes, we now write the n optimization problems
in one formulation. Let yji be the number of seats allocated
in period j on ﬂight i. (Recall that in our block-demand
setting, time period and ticket class are synonymous.) Let
7ij = EDji (hereafter we will work with the choice model of
§6). The linear program for state s in period t is
max
y

s.t.

n 
t

i=1 j=1
t

j=1

fj yji

(32)

yji  c i −s i 

yji  7ij 

i = 1n

(33)

j = 1t3 i = 1n

(34)

where constraint (33) ensures that the total number of
seats allocated on each ﬂight does not exceed the available
capacity, and constraint (34) stipulates that the number of
seats allocated to each class on each ﬂight does not exceed
the expected demand. Note that this is a standard formulation that is described in, e.g., Cooper (2002).

Next, we incorporate the choice effects in the linear programming model by considering a family of constraints
parameterized by 4 ∈ 01. The idea is to approximate the
expected demand by a weighted sum of the 
upper- and
lower-bound expected demand. Let 7j = EDj = ni=1 7ij and
8ij = 7j P.i < .0. Note that here 8ij is the expected
value of the upper-bound demand in (26). For state s and
time t, we replace the demand constraint (34) with the following two constraints:
yji  47ij +1−48ij 
n

i=1

yji  7j 

j = 1t3 i = 1n

j = 1t

(35)
(36)

Constraint (35) requires that the number of seats allocated
does not exceed the expected demand approximated by a
weighted sum of upper- and lower-bound expected demand,
and constraint (36) ensures that the total number of seats
allocated to each class does not exceed the total expected
demand in that class. Observe that if there is no choice
behavior among the ﬂights, then (35)–(36) is equivalent to
(34), because in that case 8ij = 7ij , and hence constraint (36)
is simply the sum of the constraints in (35). Note that
regardless of 4, the optimal objective function value is, in
general, not the revenue associated with implementing the
policy speciﬁed by the optimal solution of the linear program. Hereafter, for ease of reference, we call the linear
program deﬁned by (32)–(33) and (35)–(36) LPC.
8.1. Booking-Limit Policies Derived from
the Seat Allocation Policy
The deterministic linear programming method divides seats
on each ﬂight so that the seats allocated to one booking
class will not be available to other booking classes. Hence,
it is possible that a higher booking class is closed while
a lower booking class is still open. In particular, in our
setting, this means seats allocated for a certain period, if
not purchased in the period in question, will be left empty
in the remaining periods. Under the reasonable assumption
that the total number of bookings
is increasing in the avail
able inventory, i.e., when ni=1 Qti x is increasing in x, it
is straightforward to show that higher expected revenue can
be achieved by allowing the remaining booking classes to
book the empty seats left from the previous periods. This
can be done by converting a seat allocation matrix to a
booking-limit matrix as follows. Let ŷji be the number of
seats allocated on ﬂight i in period j; that is, ŷji is an
optimal solution to LPC. Recall that time is counted backwards. Let b be an n×t booking-limit matrix whose ijth
element bji is the booking limit in period j on ﬂight i,
deﬁned as
bji =

t

k=j

ŷki 

b1i = c i −s i 

j = 2t

(37)
(38)
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In the above, (38) ensures that the booking limits in the last
period (Period 1) are equal to the remaining capacity. In
our numerical procedures, we iterate through several values
of 4 (as in the algorithm of §7.2), and evaluate via simulation the booking-limit policies implied by (37)–(38) and
the respective solutions of LPC. We then keep the best one.
We call the policy that results from this procedure LP. More
formally, we obtain the policy LP by replacing Steps 2(a)
and 2(b) of the algorithm in §7.2 by

keeping the best one. In addition, the (adjusted) solution
before re-solving is also included in the set of alternative solutions. That is, the booking limits (respectively, bid
prices) considered in re-solving include those corresponding to different 4 values as well as the booking limits
(respectively, bid prices) from the previous period adjusted
by the most recent bookings.

2a –b  Determine a booking-limit matrix b
by solving LPC and using (37)–(38)

In this section, we present numerical examples to illustrate
the application of the model, and to compare the performance of the different solution approaches. As discussed
before, in general, static booking-limit policies are not optimal for our problem with multiple ﬂights and dynamic substitution. However, one conclusion of our experiments is
that such policies do typically work well. In the two-ﬂight
three-period setting, examples are constructed to test the
methods under different levels of demand variability and
interﬂight correlation. Understanding the relative performance of various heuristic methods in those test cases will
provide some insights into the methods proposed in this
paper. Finally, we report numerical results from a realisticsize problem with 16 parallel ﬂights of 100 seats each.
It is of interest to compare the simulation results from
different heuristics to the exact value of the MDP formulation. However, direct evaluation of the MDP is difﬁcult
because the joint distribution function for the demand is
hard to evaluate, even if we start with very simple assumptions on demand and choice models. We use Monte Carlo
methods to evaluate the value of the MDP by simulating
the demand arrival and choice process to generate empirical
estimates of the objective function on the right-hand side
of (5). We do this for each feasible x and choose (using
exhaustive search) the x that maximizes the right-hand side.
This is done iteratively using the standard backwards induction algorithm for MDPs. Needless to say, this is possible
only for small problems. We call this method MDPSIM.
Table 1 summarizes all the methods involved in our
numerical examples. For LP and BP, we observed that
re-solving almost always gives higher average revenue in
the simulation, hence only the results for the version with
re-solving are reported. Note that LP uses booking limits as

The remainder of the algorithm remains the same.
8.2. Bid Pricing
Bid pricing is a revenue management method where threshold values (bid prices) are set for capacity on each ﬂight,
and a seat is sold only if the offered price is higher than
the bid price. Talluri and van Ryzin (1998) discuss several
different methods for producing bid prices. In our model,
a set of bid prices can be produced from LPC. In particular, the bid prices are the shadow prices associated with
the capacity constraint (33). Let pt s = pt1 sptn s
be an n-vector, where pti s is the shadow price of capacity on ﬂight i given the state is s in period t. A bidprice control policy speciﬁes whether bookings should be
accepted or denied in each period for each state. Let ut s =
u1t sunt s denote this decision, where uit s = 1 if
bookings are accepted on ﬂight i in period t, and uit s = 0
if bookings are rejected, so

1 if ft  pti s
i
ut s =
0 otherwise
After iterating through 4 as in the procedure to obtain LP,
we will call the resulting best bid-price policy BP. Observe
that, strictly speaking, formulation (5) does not allow bidprice policies, because the distribution of Qt x is assumed
to be induced by an availability vector x. However, for
choice processes as in §6, such a bid-price policy does
make sense.
8.3. Re-solving
The linear program LPC can be re-solved each time
period to take into account the adjustments in capacity and
expected future demand. That is, prior to each re-solve, the
capacity is decremented by the space taken up by booked
customers, and the expected demand is replaced by the
expected future demand. In the numerical experiments in §9,
we consider re-solving versions of LP and BP. Re-solving
for bid prices involves replacing the shadow prices with
those of the reduced problem at the re-solving time.
At each re-solve point, we iterate through values of 4,
again evaluating the implied policies by simulation, and

9. Numerical Experiments

Table 1.
Method
MDPSIM
LBL
PBL
ABL
DBL
LP
BP

Heuristics used in the numerical examples.
Description
Policy from evaluating MDP by simulation
Lower-bound booking limits from (7)
Booking limits from pooled upper bound
Booking limits from approximate value function as
described in §7.2
Dynamic booking limits as described in §7.3
Booking limits converted (see §8.1) from solutions
of LPC with re-solving each period
Bid pricing with bid prices generated from LPC and
updated each period via re-solving
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Effects of demand variability.

Method
Variability
MDPSIM
LBL
PBL
ABL
DBL
LP
BP
LB
UB
PUB

Simulated average
0.5
997079
977078
895622
985946
985946
964318
984296
914290
1105262
1023935

0.25
1043170
1029964
913879
1035845
1035845
1012730
1029767
956099
1180243
1068063

Distance from LBL
0.125

1056690
1044832
919509
1054714
1054714
1033745
1043571
977985
1218221
1079410

0.5 (%)

0.25 (%)

0.125 (%)

205
000
−834
091
091
−131
074
−643
1312
480

128
000
−1127
057
057
−167
−002
−717
1459
370

113
000
−1199
095
095
−106
−012
−640
1659
331

described in §8.1. In our numerical results, the numbers for
LB, UB, and PUB in Tables 2–5 are exact; the other numbers reﬂect averages over 10,000 simulations in Tables 2–4
and averages over 1,000 simulations in Table 5. (LB and
UB are the bounds in Proposition 5. PUB is the bound in
Proposition 4.)
As pointed out before, the relationship between the
pooled upper bound and the separable upper bound depends
upon the particulars of the problem. In the examples we
consider, however, the separable upper bound is larger than
the pooled upper bound. Our experience with many other
examples is that the pooled upper bound is typically tighter.
Nevertheless, we use the separable upper bound in the
value function approximation because it is easier to work
with. Also, as discussed below, the policy borne out of the
pooled upper bound performs relatively poorly in many situations even when the no-purchase probability is very low
(note that with full substitution, i.e., P.0 = n+1 = 1,
the problem collapses to one dimension, and the pooled
problem gives the optimal policy—modulo the point raised
in the ﬁnal paragraph of §5).
9.1. Effect of Demand Variability
We investigate the effect of demand variability by considering three two-ﬂight three-period examples with the same
capacity, fare, mean demand, and choice probability, but
different demand variability. The capacity for each ﬂight
is 20. The fares are $200, $300, and $400 for Periods 3, 2,
and 1, respectively. The demand in each period is (truncated and rounded) normal with means of 8 and 4, respectively, for Flights 1 and 2. Within a period, we suppose that
arrivals occur homogeneously through time. The choice
probability is 0.8 for the ﬁrst two periods, and is 0 for
the last period. The examples differ in demand variability
as measured by coefﬁcient of variation (COV), which is
the standard deviation divided by the mean. The COVs for
the three examples are 0.5, 0.25, and 0.125, respectively.
To put the choice model into the framework considered
in §6, ﬁx a period and let Zi be the normally distributed
number of customers with .i = 1. Then, the number of

Distance from MDPSIM
0.5 (%)
000
−201
−1018
−112
−112
−329
−128
−830
1085
269

0.25 (%)

0.125 (%)

000
−127
−1239
−070
−070
−292
−128
−835
1314
239

000
−112
−1298
−019
−019
−217
−124
−745
1529
215

total arrivals is Z1 +Z2 . Given Zi = zi for i = 12, we sample : = :1:z1 +z2  from the set of z1 +z2 ! permutations of 12z1 +z2 uniformly at random. Then,
let M1 = i :i  z1 and M2 = i :i > z1 . For i = 12,
the set Mi contains the indices of customers with .i =
1. Given that a particular customer has .i = 1, we sample the remainder of his preference mapping according to
P.i  < .0  .i = 1 = 08 for i ∈ 12 \i in Periods
3 and 2, and P.i  < .0  .i = 1 = 0 in Period 1.
Table 2 reports data from the numerical examples.
Observe that, with a few exceptions, almost all the values
reported are decreasing in demand variability. For LB, UB,
and PUB values, this result comes as no surprise and is consistent with the analysis of Cooper and Gupta (2005), who
use stochastic comparisons to show that the value function
of a single-leg block-demand MDP is decreasing in the
demand variability. Their results do not apply to the multiﬂight case with customer choice. However, our simulation
results do show that the negative effects of variability typically do persist in this setting. It should be pointed out that
the performance of PBL is quite poor, with revenue gap
around 10%. It is also observed that the performance of LP
is close to that of LBL.
The simulated averages from LBL and DBL are the same.
This is, in general, the case for three-period examples with
no customer choice in the last period (Period 1), because
in this particular situation, the marginal revenue for the
upper-bound problem and the lower-bound problem is the
same (and both are exact) for t = 1. Hence, the approximate
marginal value in (29) does not depend upon the particular
weight 4, and therefore the booking limits from (30) are
not updated at the beginning of Period 2. It follows that in
this class of examples, the DBL policy coincides with the
ABL policy.
9.2. Effects of Interﬂight Demand Correlation
We investigate the effect of interﬂight demand correlation by considering three two-ﬂight three-period examples
with the same capacity, fare, demand, and choice probability, but different interﬂight demand correlation. Note that
demands across periods are still independent. The examples
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Table 3.

Effect of interﬂight demand correlation.

Method
Correlation
MDPSIM
LBL
PBL
ABL
DBL
LP
BP
LB
UB
PUB

Simulated average
0.9

0

983359
967941
891356
976657
976657
945897
969029

997079
977078
895622
985946
985946
964318
984296

914290
1080774
995555

914290
1105262
1023935

Distance from LBL
−09

Distance from MDPSIM

0.9 (%)

0 (%)

−09 (%)

0.9 (%)

0 (%)

−09 (%)

1014692
985706
900172
998426
998426
993162
994394

159
000
−791
090
090
−228
011

205
000
−834
091
091
−131
074

294
000
−868
129
129
076
088

000
−157
−936
−068
−068
−381
−146

000
−201
−1018
−112
−112
−329
−128

000
−286
−1129
−160
−160
−212
−200

914290
1141356
1065979

−554
1166
285

−643
1312
480

−725
1579
814

−702
991
124

−830
1085
269

−989
1248
505

have the same speciﬁcations as the example with COV 0.5
in §9.1. The interﬂight correlations are 0.9 (high positive
correlation), 0 (no correlation), and −09 (high negative
correlation), respectively. Table 3 reports data from the
numerical examples.
It seems that the effect of demand correlation on revenue is moderate, with the case with high negative correlation giving slightly higher revenue. With high negative
correlation, the demand of one ﬂight tends to be low when
the demand of another ﬂight is high. The customer choice
among ﬂights enables the low-demand ﬂight to accommodate some high-demand ﬂight customers.

Somewhat different from the examples in §§9.1 and 9.2,
here BP performs badly. In this particular example, BP
opens both ﬂights to all the classes in the three periods.
This turns out to be a bad policy because the fare of the
highest class (Class 1) is much higher than the fares of the
two lower classes. This poor performance is a manifestation
of the crudeness of bid-pricing policies mentioned at the
end of §9.1. Also LBL, ABL, and DBL are the same in this
case, and give average revenue that is only slightly lower
than the MDPSIM value. This suggests that booking-limit
type policies tend to be robust under different parameters.

9.3. An Alternative Fare Structure

9.4. A Large Example

In this section, we consider a two-ﬂight three-period example with the same capacity, demand speciﬁcation, and
choice probabilities as the example with COV 0.5 in §9.1.
The fares are $50, $100, and $400. Table 4 reports data
from the numerical example. Consistent with the numerical
results in §§9.1 and 9.2, PBL is inferior to LBL. To see
why this is the case, note that with the pooled booking-limit
policy, control is exerted on the aggregate capacity of all
the ﬂights, and booking requests are accepted as long as the
total number of bookings on all the ﬂights is less than the
booking limit. Consequently, the popular ﬂights are occupied by early-arriving low-fare customers, and late-coming
inﬂexible high-fare customers are displaced.

For the example below, we assume a Markovian choice
process, which is a special case of the choice model in §6.
In a Markovian choice process, there is a random number of arriving customers, and each arriving customer has
a random initial preference. If this initial preference cannot be satisﬁed, the customer chooses another ﬂight with
certain probabilities; if that ﬂight is unavailable he checks
another, and so on. This process repeats until a purchase is
made or the customer goes away empty-handed. This situation appears to be related to Assumption 5∗ in Smith and
Agrawal (2000). Let ;i be the probability that a customer
initially prefers ﬂight i, and let <ij be the probability a customer diverts from ﬂight i to ﬂight j in the choice process
if ﬂight i is unavailable. A customer continues looking for
a ﬂight until either he buys a ticket or does not purchase.
We assume ;i and <ij satisfy

Table 4.

An alternative fare structure.

Method

Simulated
average

Distance from
LBL (%)

Distance from
MDPSIM (%)

MDPSIM
LBL
PBL
ABL
DBL
LP
BP

622463
621882
517050
621882
621882
601275
569517

009
000
−1686
000
000
−331
−842

000
−009
−1693
−009
−009
−340
−851

LB
UB
PUB

598474
650317
630090

−376
457
132

−385
447
123

n

i=1
n

j=0

;i = 1
<ij = 1

for i = 01n

We also assume that <ij  is the transition matrix of an
irreducible Markov chain with state space N0 , so that
the choice process of each customer can be related to a
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Markov chain Zt with PZ0 = i = ;i and one-step transition matrix <ij . To connect this to the preference mappings of §6, deﬁne =i = inft Zt = i , and for any permutation i0 i1 in of N0 , let


P .i0  = 1 .i1  = 2.in  = n+1


= P =i0 < =i1 < ··· < =in 
We also assume that different customers’ preference mappings are independent.
Consider an 8-period problem with 16 ﬂights. Each
ﬂight has 100 seats. The fares are $300, $400, $500,
$1,200, $1,400, $1,600, $1,800, and $2,000 for Class 8
through Class 1. In each period 81 the total number of
arrivals D is Poisson, with respective means 320, 320, 320,
200, 200, 200, 200, and 200. Therefore, the total demand
for all the ﬂights during the booking horizon is Poisson
with mean 1,960. From Period 8 to Period 6, each customer
initially prefers ﬂight i with probability ;i = 1/16 = 00625
for i = 116. From Period 5 onward, each customer initially prefers each ﬂight 1 through 8 with probability 0.025,
and initially prefers each ﬂight 9 through 16 with probability 0.1; i.e., ;i = 0025 for i = 18, and ;i = 01 for
i = 916. The customer-choice process is Markovian, as
described earlier. The diversion probabilities are <ij = 005
for all i = 0116 and j = 116, and <ij = 020 for
i = 0116 and j = 0.
Table 5 summarizes the results. The table shows that in
this example static booking-limit policies do perform well,
and this has been borne out in our other numerical experiments. The ABL policy, for example, gives average revenue
that is only 2.13% from the upper bound. The DBL policy shows additional improvement over the ABL policy.
The PBL policy, however, performs badly as in the smaller
examples. The deterministic linear programming methods
perform much better than in the small examples we tested.
In particular, BP shows 0.89% improvement over LBL
heuristics. In fact, simple (and easy-to-compute) heuristics
often perform solidly, as evidenced by LBL. Mahajan and
van Ryzin (2001b) have uncovered a similar phenomenon
in stocking retail assortments under customer choice; that
is, relatively simple policies (in their case, ones involving newsvendor-type heuristics) provide a strong baseline,
Table 5.
Method
LBL
PBL
ABL
DBL
LP
BP
LB
UB
PUB

16-ﬂight example.
Simulated
average
179128350
165138800
181350440
181425080
178072450
180722570
172912601
290177740
185288095

Distance from
LBL average (%)

Distance from
PUB value (%)

000
−781
124
128
−059
089
−347
6199
344

−332
−1087
−213
−208
−389
−246
−668
5661
000

which can be slightly improved upon using more sophisticated search techniques. Nevertheless, as described by
Belobaba and Weatherford (1996) and Belobaba (2001),
improvements in average revenue of 0.1% per ﬂight can
constitute a signiﬁcant increase to the bottom line for an
airline.

10. Conclusion and Future Directions
Airline revenue management has been an active research
area over the past several years. However, most work assumes that the demand for each booking class follows some
exogenously determined distribution. Among the papers
that do consider some form of customer-choice behavior,
most are concerned with how the customers decide which
type of ticket to buy for a single speciﬁed ﬂight. We have
considered the problem of selecting seat-inventory control policies when the airline has many ﬂights between a
particular origin and destination within a short timespan.
After formulating the problem as an MDP, we derived computable bounds for the value function, and developed some
simulation-based approximate MDP procedures to obtain
good policies for problems that are not amenable to an
exact solution.
We have assumed that the fares for each ﬂight during
a certain period are the same. Nevertheless, examination
of the proofs shows that the separable bounds we develop
in Proposition 2 are valid even if the fares for different
ﬂights are different. The generality of the choice model in
this paper has made it difﬁcult to identify more speciﬁc
structural characteristics of the MDP. Consequently, further
study of the model with narrower assumptions on consumer
behavior may yield additional results and insights. This is
a direction for future work. Also, we have not considered
overbooking and cancellations. Including these aspects in
the model is another avenue for future research. In addition,
we plan to examine situations in which customers choose
among classes as well as ﬂights.
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